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Abstract
Craniosynostosis is a developmental abnormality in skull growth due to the
fusion of one or more sutures [3]. To accommodate the growing brain, the
skull needs to grow quickly in the first few months of life, and most of the
growth of the skull occurs at the sutures. Craniosynostosis occurs when one or
more sutures are fused in utero, resulting in an abnormal skull shape. Surgical
intervention is usually required at a young age, with remodeling of the skull
performed both for cosmetic reasons and to decrease intracranial pressure. To
study how the bone remodels after this operation, an accurate coregistration
must be conducted. However, because of the skull’s rapid and asymmetrical
growth, a non-rigid registration is necessary, Taking multiple points into ac-
count. The work presented here determines the best method of coregistering
images, the best fit mathematical model for a skull and the the overall transfor-
mations in the skull’s shape during development based CT data collected from
young rats in a previous study.
This project had four focus objectives, as follows. The first goal was to seg-
ment the rat skull to provide a better view of the skull, including an analysis
of the sutures and bones. Second, we sought to calculate a 3D non-rigid a ne
registration based on landmarks identified overtime in each skull dataset. The
registration accuracy is a function of the number of landmarks identified for
tracking by a trained user. Our third aim was to generate a mathematical model
using an ellipsoid to fit the points identified on the skull. This best-fit ellipsoid
can then be tracked overtime to analyze the development of several rat skulls.
We could compare the ellipsoid parameters to model the growth of the skull.
Our results show that the landmarks chosen for registration must be selected
carefully, in a way that establishes a good condition number for the transfor-
mation fitting stage. The proposed analysis can be used as a diagnostic tool
for modeling skull growth and to quantifying the proposed treatments. 3) The
fitted model can also be used to estimate the growth rate of skull in living rats.
Lastly, the fourth objective was to measure craniometrics of the rats skull and
to compare these craniometrics it to those determined in previous studies.
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Chapter 1
Introduction
The aim of this thesis is to develop a set of tools for analysis of skull growth. We therefore
developed five objectives: 1)The segment of a rat skull to provide a better view of the skull,
including the analysis of the sutures and bones.; 2) perform a 3D non-rigid registration based on
landmarks identified overtime in each skull dataset; 3) to generate a mathematical model using
an ellipsoid to fit the points identified on the skull. This best-fit ellipsoid can then be tracked
overtime to analyze the development of several rat skull; 4) to measure the craniometrics on
the rats skull and to compare these craniometrics to previous studies; 5) to replicate all of the
above on a normal infant skull to test the model on human data. In the subsequent chapters, we
will describe both the human and the rat anatomy as this project was performed in rats but will
eventually have a clinical application in human. The skull of all bony vertebrates is divided
into 2 parts: the neurocranium and the viscerocranium. The neurocranium protects the brain,
while the viscerocranium composes the face. The skull is constructed of a number of separate
bones separated by sutures, and the growth of the skull in the first few months of life occurs at
these sutures. Such growth regions between the bones of the skull base are cartilaginous and
are referred as synchondrosis [16].
1.1 Biology of Bone
The most important cells in the bone are osteoprogenitor cells, osteoblasts, osteocytes and
osteoclasts. Osteoblasts and osteocytes are thought to be derived from primitive mesenchymal
cells, or osteprogenitor cells.
Osteoprogenitor Cells
These cells share properties with stem cells, meaning that osteoprogenitor cells they have
the potentialto proliferate and the capacity to di↵erentiate into osteoblasts, chondroblasts, bone
marrow stormal cells and fibroblasts [44]. Osteoprogenitor cells specifically serve as bone-
lining cells throughout postnatal life are reactivated in adults during the repair of bone fractures
and other injuries [38].
Osteoblasts Are derived from osteoprogenitor cells. These cells have a columnar shape
but vary in size and are responsible for bone formation, generating a matrix of collagen type
I [44].
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Osteocytes
These cells are derived from osteoblasts and are involved in cell signaling and maintaining
the viability of the bone matrix. Osteocytes also have an important role in translating mechan-
ical loads within such cellular events as bone formation.
Osteoclasts
Osteoclasts are responsible for the reabsorption of bone. Additionally, during bone forma-
tion, osteoblasts synthesize and regulate the deposition and later mineralization of the bones ex-
tracellular matrix. During this process, an unmineralized bone matrix first forms around osteo-
cytes, followed bymineralization, causing encapsulation of these cells in the matrix.Osteoclasts
are responsible for the reabsorption of bone. Additionally, during bone formation, osteoblasts
synthesize and regulate the deposition and later mineralization of the bones extracellular ma-
trix. During this process, an unmineralized bone matrix first forms around osteocytes, followed
by mineralization, causing encapsulation of these cells in the matrix (Figure 1.1)). These cells
may have the ability to di↵erentiate into functional osteoblasts [11], [40].
Figure 1.1: Schematic illustration of the cell types in bone and their di↵erentiation pathways. Os-
teoclasts, large multi-nucleated cells that resorb bone, develop from precursors of haematopoietic ori-
gin. Osteoblasts, di↵erentiate from cells of mesenchymal origin, They lay down matrix, extracellularly,
which subsequently mineralizes. Osteoblasts that become surrounded by bone are called osteocyte.
Photo taken from [11]
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1.1.1 Human skull
The human skull can be divided into two interconnected parts: the neurocranium (or calvarium
and skull base) and the facial area (viscerocranium). The calvarium is composed of membra-
nous portions of the occipital, parietal, frontal and temporal bones. The skull base (ethmoid and
sphenoid bones) separates the calvarium from the facial area. The process of intramembranous
bone formation, in which ossification occurs directly in the membrane, is entirely responsible
for the development of the parietal, frontal, nasal, lacrimal, zygomatic, and palatal bones and
the vomer, inferior concha, maxilla and mandible [6].
The neurocranium protects the brain. The sides and roof of the calvarium are formed from
a connective tissue capsule in which the membranous bones of cranium are present. The devel-
oping brain is enveloped by this membranous cranium, and the sides and roof of the calvarium
are initially formed from a connective tissue capsule in which membranous bones will appear.
At approximately 9 weeks of gestation, the proliferation of the mesenchymal cells in a mesh-
work of collagen fibers is followed by the cells transformation into osteoblasts that deposit
an osteoid matrix, which later undergoes mineralization. Thus, ossification occurs directly in
the membrane in the absence of an intervening cartilaginous model. The bones of the cranial
vault, face, and vomer are entirely of intramembranous origin. At birth, these bones are still
in an incompletely mineralized membranous capsule, separated by broad strips of connective
tissue, sutures, and patches of connective tissue known as the fontanels [6]. The neurocranium
reflects brain growth and follows the neural growth curve, whereas the facial area adheres to
the somatic growth curve, and the neurocranium is 8 times larger than the face of a newborn
baby. The sutures and fontanels (intersection of 3 plates or more) are particularly noticeable
in a newborn but progressively diminish in width over time. The fetal skull specifically has
six fontanels. The anterior fontanel is the largest and most important for the skull and usually
closes between 18 and 24 months. In contrast, the posterior fontanel is smaller and closes ear-
lier, at approximately 2 months of age. All of the other fontanelles are less clinically relevant
and close between 3 and 18 months [6].
The skull base forms slightly di↵erently from the rest of the skull. Dense mesenchymal
tissues migrate anteriorly to the regions corresponding to the primitive ethmoid, auditory, nasal
and optic centers to create a floor for the expanding brain. After 7 weeks of age, these tissues
transform into cartilage. The fusion of the cartilaginous masses into one cartilaginous region,
the chondrocranium, is followed by the appearance of various ossification centers, leading to
the conversion of the chondrocranium into bone [6].
Facial area The face has a dual embryonic origin. The medial facial structures derive
from the frontonasal prominence, whereas the lateral facial structures derive from the branchial
arches. Therefore, anomalies tend to a↵ect either the medial or the lateral structures separately.
At 4 weeks of gestation, the frontal prominence is characterized by an unpaired, median ac-
cumulation of tissue composed of ectoderm and mesenchyme that overlies the stomodeum
superiorly. The stomodeum is also bordered laterally by the paired maxillary processes and
inferiorly by the paired mandibular processes, both derived from the first branchial arch. On
both sides of the frontal prominence, an epithelial thickening gives rise to the nasal placode,
which is separated into a medial and a lateral process by 5 weeks of gestation. At this time, the
mandibular arches merge at the midline to form the lower lip and underlying structures. By 6
weeks of gestation, the medial nasal processes are displaced toward the midline by the lateral
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enlarging maxillary processes, and these nasal processes merge with the frontal prominence
to form the frontonasal prominence [6]. Figures 1.2 and 1.3shows the skull from the Lateral,
Frontal and interior views [9].
(a) (b)
Figure 1.2: (a)Lateral view of the skull, (b) Frontal View of the skull. Photo taken from [6]
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Figure 1.3: Interior view of the skull. Photo taken from [6]
1.2 Basic structures and morphology of the cranial vault in
the rat
The cranial vault is composed of two frontal and parietal bones, two temporal squamae, and
the unpaired supraoccipital part of the occipital bone, the occipital squama. The bones are
separated by the fibrous tissue of the cerebral capsule, and the spaces between the bones in the
sutural growth are ultimately filled [5] [32].
The Periosteum
Each of the cranial-vault bones is enclosed in the periosteum. The periosteum is attached
to the bones at the sutures but slides over the calvarial bones.
The dura mater
The dura mater is the inner periosteum of the calvarium and is firmly attached by fold-like
appendages. By removing the dura, Roth et al. discovered its important role in cranial os-
teogenesis [37]. More specifically, in the absence of the dura, the developing coronal suture
undergoes stenosis.
Fonticuli or Fontanelles
The areas in which more than two bones approach each other and the bones margins meet
later than in a suture between two bones are known as fonticuli or fontanelles. The fontanelles
have a similar structure to that of the sutures but are formed when three calvarial bones meet
and allow a degree of deformation of the calvarium during birth.
Wormian or Sutural bones
Isolated ossicles of variable size and shape within the cranial sutures and fontanelles are
called wormian or sutural bones. These bones are usually found in childhood in the lambdoid
suture and develop in response to irregular conditions in the sutures resulting from artificial
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deformation.
Figure 1.4: Sutural interdigitation and wormian bone
Sutural cartilage
The significant of secondary cartilage formation that may transitionally occur in the cal-
varial sutures under normal conditions has been debated. Cartilage has been found to develop
during the repair of fractures in the rat cranial vault.
The Dipole The cranial vault is supported rigidly by the diploe without an undue increase
in weight, and this vault also serves as a site for hematopoiesis.
Sinuses The sinuses are air-filled cavities that develop in the mastoid and frontal regions
beginning at 3-4 months age.
The Calvarial Superstructures The temporal lines and nuchal and mastoid crests
develop and are maintained in response to external mechanical factors, whereas the internal
form of the brain case remains fundamentally normal in the absence of functioning muscles.
Figure 1.5 illustrate the rats skull and its di↵erent bones.
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Figure 1.5: Schematic illustration of the bones, sutures and fontanelles of the calvaria. n nasal bone,
f frontal bone, jl jugum limitans, fs frontal suture, p parietal bone, ip interparietal bone, c coronal
suture, s sagital suture, l lambdoid suture, a.font anterior fontanelle, pf posterior fontanelle. Photo taken
from [11]
1.3 Demographics
1.3.1 Human
Di↵erent factors can a↵ect the shape of the head. This shape is one form of racial expression
and can di↵er between disparate populations. The larger skulls of men than women demon-
strate that gender also plays an important role in the skull size. Heredity is another factor
can a↵ect the skull shape, although parent-child correlations are lower for the head and face
measurements than for most of the bodys other dimensions. The height of the head is more
intrafamilial than the head length or breadth. The climate also has a prominent e↵ect on the
shape of the skull, with those living in subzero temperatures having a higher cephalic index
than those living in the tropics [5] [26].
1.3.2 Rats
In rats, 55% of cranial variation is due to nutrition, whereas 45% of variation is due to such
biological factors as gender and climate. Malnutrition specifically leads to a shortened neuro-
cranial length, width and height in rats. As in humans, race can also a↵ect the skull shape in
rats. Hughes et al [20] have discussed the di↵erences in skull size between male and female
rats [18]. The researchers measurements confirmed that male rats exhibit larger skulls than fe-
males, as in humans. Moreover, similar to humans, climate significantly a↵ects the skull shape
of rats [5] [10].
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1.4 Human and rat Sutures
The growth of the calvaria combines osteogenesis and proliferation in the middle of the soft
tissue within the initially membranous cranial capsule. At the ossification level, each calvarial
bone is surrounded by a soft-tissue portion of this capsule, and these sutures separate the cal-
varial bones from each other. These soft tissues are sutures. All sutures are similar in structure,
resist forces in two directions and confront compressive forces. These sutures are composed
of osteocytic and fibrocytic cells and have a vascular distribution and fiber orientation that re-
flect the function of the suture at any given time. There are two suture models, butt-ended and
simple at the midline or beveled and serrated [11] [29] [33]. Interdigitation is a form of over-
lapping and mechanical contact between two bones at the sutures. During the process of bone
growth, the sutures resist the gross separation of the bones but still permit relative movement.
In rats, the interdigitation of the coronal suture occurs only ectocranially, thus apparently al-
lowing movement between the bones. In humans, increased stress due to cranial deformation
with a cradle board leads to greater sutural complexity of the pars lambdica of the lambdoid
suture [31] [33].
A suture is formed by peripheral ossification at the point at which the bone margins eventu-
ally meet. The suture is reestablished in its correct location following a craniectomy, provided
that the dural tissue is not damaged. When the margins reach each other, interdigitation syn-
ostosis may occur. Extrinsic factors are very important to the development of such sutural
interdigitation. The change in the internal angulation of the cranial vault during the growth
transplantation of a suture, from a site of little growth to an area of active growth, leads to the
development of longer bone lingulae and vice versa. The loss of lambdoid sutural complexity
(interdigitation of the sutural margins) can be provoked by the removal of the temporal muscle
or the detachment of the superficial neck muscles in young rats [11].
Individual bones grow until their ultimate shapes are attained. The perpendicular plane of
the suture to the vault surface describes the plane of articulation between these bones at the
suture. In this process, the sutural tissues coming together with the peripheral edges of the
adjacent bones are regarded as the sutural areas [28] [29]. Von Gudden et al. believed that the
exact location of these sutures is the only way to gauge the growth rates of these same bones
in di↵erent dimensions. However, Troistky et al [41] [28] hypothesized that the location of
the calvarial sutures predetermines the shape of the individual bones of the skull vault. Mair
et al [28] also discussed the role of the suture as a primary site of skull growth, serving as an
epiphyseal center. In contrast, Mijsberg et al [29] believed that the sutures are only passive
in the movement of the bones during skull growth. In the second chapter, we will discuss the
materials and methods that these researchers used and compare the di↵erent methods [1].
1.5 Growth of Human and rat Calvarial bones
The cranial vault is one of the eight craniofacial regions that has its own growth model. Deposi-
tion in the vaults sutures occur during skull growth at the endocranial and ectocranial surfaces.
Ossification transpires at two centers within the interparietal bone, which fuse across the mid-
line. The interparietal bone fuses along its caudal border with the supraoccipital bone to form
the squamous part of the occipital bone. The interparietal bone itself is formed by intramem-
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branous ossification, whereas the supraoccipital bone is formed by endochondral ossification.
The temporal bone also has a complex origin. This bones tympanic and squamous portions are
formed by intramembranous ossification, yet the petrous part possesses a cartilaginous precur-
sor. Most of the individual bones grow peripherally when osteogenesis occurs in the margins,
but the calvarial bones extend passively outward and float on the expanding neurocranial con-
tent. The displacement of the bones provides a more rapid and less energy-consuming form
of movement than a mechanism requiring osseous resorption and deposition. As mentioned
before, intracranial pressure is one of the factors controlling the growth of the bones in the
cranial vault. One reason for the generation of displacement forces is osteogenesis outside of
the sutures, causing apposition of the endocranial bone, which contributes to the outward dis-
placement of the individual bones in the cranial vault. Nevertheless, resorption and deposition
at the ectocranial and endocranial surfaces of the cranial vault do not constitute the principal
mechanism of flattening the neurocranium but rather adjust the shape of the individual bones
to sequential changes in the morphogenesis of the entire vault. Separate bones rotate within
themselves, and bone material representing an earlier developmental stage assumes a rotated
position within the new bone [1].
1.6 Suture fusion and Craniosyntosis in the human skull
Craniosynostosis is a pathological condition in which, due to the premature fusion of a cranial
suture, the skull growth is a↵ected in one or more direction. The premature closure of the suture
increases the pressure inside the head and a↵ects the facial skeleton, with the sphenofrontal,
frontoethmoidal and frontonasal sutures most commonly a↵ected [14] [4]. Craniosynostosis
occurs in one of every 2000 children and a↵ects males slightly more often than females. The
sutures are not always fused throughout the entire length of the skull, and it is common to ob-
serve premature coronal fusion limited to the temporal portion or fusion of the sagittal suture
only in the posterior portion. The fontanelle may remain open in both cases. An X-ray may
not reveal the entire suture, and thus the synostosis may be missed. Most commonly, the bone
is thickened over the area of the fusion. Brain growth is a major reason for the enlargement
of the calvarium, which must accommodate the expanding brain. Certain abnormalities stem
from this calvarial growth, such as an abnormal skull shape or increased intracranial pressure,
which can cause ophthalmic and neurological problems, leading to anomalous vision and be-
havior [12]. Figures 1.7 and 1.6 illustrate the human skull and its main sutures. Di↵erent
types of craniosynostosis are caused by the fusion of di↵erent sutures in the skull. Calvarial
growth in an infant requires the rapid and symmetrical displacement of each of the large bones
(frontal, parietal and occipital) of the skull along with osseous deposition at the sutures and
within the bone matrix [18]. Each of these patterns grows rapidly in infancy and continues
into childhood. Behind the calvarial growth is the skull base and facial growth. In the growth
sequence, the anterior fossa completes its growth first, followed by the posterior and middle
fossae. Examining the growth pattern of each of these three skull-base fossae reveals a unique
pattern. The calvarium, skull base and face grow in synergy, responding to each others forces
and growth direction.
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Figure 1.6: Adult skull base and anatomical sutures-superior view. A sphenoid-ethmoid suture, B
sphenoid frontalis suture, C coronal suture-left, D squamosal suture-left, E coronal suture right, F clivus-
synchorondis spheno-occipitalis, G occipital mastoid suture, H lambdoid suture-left, I lambdoid suture-
right, J Squamosal suture right. Photo taken from [18]
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Figure 1.7: (a) Adult skull base and anatomical sutures-superior view. A sphenoid-ethmoid suture,
B sphenoid frontalis suture, C coronal suture-left, D squamosal suture-left, E coronal suture right, F
clivus-synchorondis spheno-occipitalis, G occipital mastoid suture, H lambdoid suture-left, I lambdoid
suture-right, J Squamosal suture right. Photo taken from [18]
1.6.1 Di↵erent type of the Craniosynostosis
Plagiocephaly
Anterior plagiocephaly involves the fusion of the right or left coronal suture that runs from ear
to ear [36] [25] . ], known as coronal synostosis, which normally forms the forehead and stops
skull growth. Anterior plagiocephaly flattens the forehead on the side of the fusion, whereas
the contralateral side tends to compensate by becoming excessively prominent. The shape of
eye can also be a↵ected by the pulling of the external cantus, and there may also be flattening of
the occipital area. Posterior plagiocephaly is caused by a unilateral lambdoid suture synostosis,
and the synchondroses of the cranial base are involved (Fig. 1.8 and 1.9). The clinical result is a
forefacial skeleton causing the nasal bridge to deviate to the a↵ected side and an asymmetrical
maxilla. In severe cases, the mandible grows normally but develops secondary asymmetry,
resulting in abnormal function [18]. Additionally, due to the asymmetry in the skull base and
orbital dyspiota, the child tilts his or her head to align the eyes and maintain binocular vision.
Posterior positional plagiocephaly is not due to suture fusion and has increased over the past
several years due to the positioning of babies on their backs. All of the sutures are patent, but
because the skull is soft, always lying on the same area causes a flattening of the skull. Severe
cases can be treated with a special helmet that reshapes the skull over time with the aid of
brain growth [47] [24] [39].
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Figure 1.8: An axial CT showing the early changes occurring in the skull base of a child with plagio-
cephaly. The assymmetry of the anterior fossa is clearly evident with the side of the sclerosed suture
showing a foreshortened anterior fossa, upward angulation of the sphenoid wing, and compensatory
frontal bossing on the opposite side. The middle and posterior fossas remain una↵ected. Photo taken
from [18]
Scaphocephaly
Scaphocephaly is due to the early fusion of the sagittal suture and is the most common type of
synostosis. The suture runs from front to back, in the middle of the head, and premature fusion
results in a boat-shaped skull [35] , [47].
Brachycephaly
The bilateral synostosis of the coronal sutures limits anteroposterior growth and redirects
growth laterally, resulting in a wide and short skull [35], [47] [21].
Trigonocephaly
Trigonocephaly is due to the early fusion of the metopic (forehead) suture [2]. ], which runs
from the top of head down to the middle of the forehead, toward the nose. The premature
closure of this suture may result in a prominent ridge running down the forehead. The forehead
may appear like a triangle, with closely placed eyes, and the skull may be egg-shaped. In severe
cases, the inferior third of the coronal suture also exhibits early fusion. Pseudo-encephalocele
often occurs, in which a piece of the brain is pushed forward between the two angled frontal
bones, and the frontal lobes are pushed down between the orbits secondary to the lack of growth
at the metopic suture. The middle fossa and posterior parieto-occipital regions widen in a
compensatory fashion to allow adequate brain growth. The middle and lower facial regions are
typically not a↵ected in this suture abnormality, with the exception of the hypotelorism (Figure
1.10) [35], [47]).Figure 1.11 compares di↵erent types of craniosynostosis on human skull. .
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Figure 1.9: 3D CT image of a child with Plagiocephaly with early developed orbital dystopia and early
facial scoliosis with angulation of the nasal skeleton. Photo taken from [18]
1.6.2 Symptoms of the Craniosynostosis
Changes in the shape of the skull and face are generally the first symptom of craniosynostosis.
One side of the a↵ect childs face may not be the same as the other side. Another sign of
craniosynostosis is a small or absent fontanelle. Less commonly, synostosis may increase the
pressure inside the skull, the symptoms of which are: 1. sleepiness; 2. noticeable scalp veins; 3.
a high-pitched cry; 4. poor feeding; 5. projectile vomiting; 6. an increased head circumference;
7. seizures; 8. bulging eyes and an inability of the child to look upward with his or her head
facing forward; and 9. developmental delays.
1.6.3 Diagnosis of Craniosynostosis
Craniosynostosis may be observed at birth or later during physical examination and is at times
associated with a developmental delay. Such developmental delays may require further medical
attention due to underlying problems. During medical examination, the circumference of the
childs head is measured and plotted on a graph to determine whether this measurement is
normal or abnormal. To confirm craniosynostosis, a computed tomography (CT) scan or X-ray
of the head may be necessary.
1.6.4 Treatment of Craniosynostosis
SSurgery is recommended to treat craniosynostosis [40] and particularly to reduce or prevent
elevations in the intracranial pressure. If all of the sutures of the skull are closed at birth, the
development of the brain is immediately imperiled. Therefore, in this case, if surgery is to
be e↵ective, the first operation for the relief of the pressure on the brain must be performed
before the end of the first week of life. The brain grows faster than any other organ in the early
months, almost doubling its birth weight by 6 months and achieving at least 80 percent of the
brains adult weight by 4 years of age. In craniosynostosis, the total closure of the vault sutures
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Figure 1.10: An axial CT of a child with trigoncephaly showing the pseudoencephalocele that occurs
between the orbits. The foreshortened anterior fossa is clearly evident and widened middle fossas are
seen. Photo taken from [18]
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Figure 1.11: (a) Diagram of Plagiocephaly, in which one coronal suture had close prematurely and
needed repair. (b) Diagram scaphocephaly, in which the sagital suture had fused prematurely and
needed repair (c) Diagram of brachycephaly, in which both coronal sutures had closed prematurely
and needed repair. photo taken from: http://www.pedisurg.com/pteduc/craniosynostosis.htm
produces a small head that is pointed toward the vertex, with associated deformities of the skull
base in which the basal angle is widened and the pituitary fossa is deformed [19]. The timing
of the surgery depends on the a↵ected childs particular diagnosis. In sagittal craniosynostosis,
surgery may be needed after 3 months, whereas in coronal or metopic craniosynostosis, surgery
is recommended between 4 and 9 months of age.
1.6.5 Mechanical factors in suture fusion
There are di↵erent theories for why sutures fuse. Pritchard et al [34] [33] [17] believed that
sutural posited that sutural fusion is an exhaustion phenomenon, a theory that ignores the role
of the suture in the skull. If a suture is viewed as analogous to an epiphyseal plate, then sutural
fusion must be similar to the exhaustion and subsequent fusion of the growth cartilage in a long
bone. This view has been labeled as incorrect by Moss et al [1], who believe that there is no
expansive force generated by sutural tissue that can push the bones apart. The growth of the
adjacent bones is not related to removing the cephalic sutures. Rather, the cranial bones grow
because of the soft tissues, which these bones either protect or support. The sutures prevent
the separation of these bones while allowing relative motion between the bones. This factor is
important in the angular relations between several cranial bones during growth. Thus, sutural
fusion is a response to extrinsic forces that the sutural tissue cannot withstand.
The fusion of the posterior frontal suture in rats is due to the forces induced by known
alterations in the cephalic structures. Within the neurocranium, spatial and angular alterations
occur simultaneously [28]. The cribriform plate is on the basal plate at birth, and the olfactory
lobes are separated from the cerebrum. In the first three weeks after birth, the cribriform plate
is elevated relative to the base, and the olfactory lobes are close to the cerebrum. Via the
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backward growth of the cerebral hemisphere, backward shifting of the calvarium occurs. The
elevation of the facial skeleton and cribriform plate are related to the changes in the gradients of
the growth of the rat skull in the following way. When the rotation of the cephalic components
occurs, the anterior portion of the skull base (basisphenoid) is growing relatively faster in
length than the anterior portion of the calvaria (frontal bones). These changes in the spatial
and angular relationships between the several attachments can lead to changes in the structure.
The alterations in the dural fiber are related to the cephalic growth changes and can a↵ect the
dura mater, skull base and calvaria. Moss et al [1] discovered that the fusion of the posterior
portion of the frontal suture in rats occurs between the endocranial plates alone. Sutural fusion
is a dynamic event, with extrinsic forces transmitted through the dura due to changes in the
spatial and angular relationships between the attachments of the dura, leading to morphological
changes in the growing rat.
Chapter 2
Craniometrics
2.1 Rat Calvarial Growth
The growth of the calvaria is based on two concepts: bone remodeling and bone displacement.
Each of the large bones, such as the frontal, parietal and occipital, needs rapid and symmetri-
cal displacement during calvarial growth [18]. Melvin L.Moss [1]performed an experiment to
identify the role of the sutures at the growth sites and found that when the calvarial bone and
the periosteal layer of the underlying dura of a newborn rat are removed, bone regeneration
does not occur. He also examined the e↵ect of this removal on the morphology of the adjacent
bones. More specifically, Moss removed the adjacent portions of the parietal bones, both the
parietal and the frontal bones, or both the parietal and the frontal bones in rats aged 1, 2, 3, 4,
7, 8, 13 or 16 days. As these procedures involved the alteration of the relationships between
several calvarial bones, these bones were measured in such a manner that the growth of their
several dimensions would be demonstrated. The measurements were as follows: measure-
ment 1: pterion-bregma, measurement 2: bregma-lambda, measurement 3: lambda-asterion,
measurement 4: asterion-pterion, measurement 5:nasal length, measurement 6: nasal lambda,
measurement 7: projective frontal, measurement 7: width of the skull(squamosal width) , Mea-
surements 1, 2, 3, and 4 compose 2D plane surface ofthe parietal bone which is free of muscle
attachment (Fig 2.1).
The measurements were performed using a vernier caliper read to the nearest 0.1 mm.
Hughes et al, [20] used a radiographic method to measure the growth of the skull in living
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AGE Measurement1 Measurement2 Measurement3 Measurement4
Pterion-Bregma Bregma-Lambda Lambda-Asterion Asterion-Pterion
Days
C-N 3.1±0.3 2.7±11 2.2±.12 3.5±0.3
1 4.5±.07 3.4±.13 3.5±.09 4.7±.07
2 5.3±.11 3.6±.05 3.8±.07 5.2±.07
3 5.3±0.9 4.1±.07 4.7±.12 6.1±.08
4 5.4±.07 3.8±.08 4.5±.09 6.2±.12
7 5.5±.12 4.6±.12 5.2±.14 7.4±.26
10 5.9±.08 5.0±.15 5.8±.13 8.7±.17
15 6.2±.07 5.9±.11 6.2±.16 10.3±.18
20 6.1±.06 5.9±0.5 5.8±.10 10.2±.15
30 6.4±.09 6.4±.10 6.6±.09 11.0±.08
34-R 6.1±.05 6.1±.09 6.5±.077 11.8±.08
34-L 6.1±.05 6.4±.07 11.3±.11
Table 2.1: Measurements of Pterion-Bregma, Bregma-Lambda, Lambda-Asterion and Asterion-
Pterion. Table taken from [1]
AGE Measurement5 Measurement6 Measurement7 Measurement8
Nasal Length Nasal-Lambda Frontal Length Squamosal Width
Days
C-N 2.7±0.8 10.0±.21 4.6±..09 7.4±0.12
1 3.5±.15 12.2±.06 5.3±.16 8.7±.14
2 4.2±.09 13.0±.13 5.4±.08 9.4±..10
3 4.7±0.1 14.4±.18 5.6±.12 10.1±.12
4 4.5±.13 14.1±.13 5.8±.17 10.1±.16
7 5.3±.12 17.7±.23 7.7±.09 12.7±.17
10 6.3±.13 18.8±.23 7.4±.15 12.7±.17
15 8.4±.023 23.4±.26 9.2±.14 13.6±.26
20 8.9±.21 23.9±.24 9.0±.13 13.5±.14
30 11.2±.24 27.3±.12 9.8±.21 14.0±.09
34 11.5±.11 28.2±.23 10.6±.13 14.3±.08
Table 2.2: Measurements of Nasal, Nasal-Lambda, Frontal Length and Squamosal Width. Table taken
from [1]
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Figure 2.1: Measured Dimensions of skull of 34-day control rat. Photo taken from [1] 1.Pterion-bregma
2.Bregma-lambda 3.Lambda-asterion 4.Asterion-pterion 5.Nasal Length 6.Nasal-Lambda 7.Projective
frontal length 8.Squamosal width of skull
rats. This method is nondestructive and allows the repeated observation of the same animal.
The measurements performed were as follows: NCL, the neurocranial length, measured from
the anterior border of the foremen magnum to the anterior border of the frontal bone; VCL,
the viscerocranial length (nose length), calculated by subtracting the neurocranial length from
the total skull length; BZW, the bizygomatic width, which is the maximum width between
the zygomatic arches; NCW neurocranial width, which is the width between the most medial
points of the external (Figure. 2.2)
Figure 2.2: The site of which the measurement taken. Photo taken from [20]
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auditory meatuses. The measurements were performed using a caliper measuring to 0.1
mm, and the standard deviation of the di↵erence between duplicate measurements was 3.27%
of the mean of the measurements. These values were recorded 16 times from 2 to 140 days
of age in rats. As seen in the graphs, the neurocranial length was the same in the female
and male rats before 63 days of age, and the viscerocranial length was longer in the females
before 23 days, after which the males exhibited longer noses than the females(Figure 2.3).
TAdditionally, there was a small di↵erence in the bizygomatic width between the males and
females that increased after 72 days of age (Figure 2.3). Moreover, the neurocranial width was
larger in males of all ages and increased sharply from 20 to 40 days of age (Figure 2.3), and
the neurocranial length increased more in the male rats than in the females (Figure 2.3).
Hughes et al [20] also determined the cranial and facial indexes. Equations 4.1 and 2.2 are
the formulae used to calculate these indexes.
Cranialindex = (
Neurocranimwidth
Neurocraniumwidth
) ⇤ 100 (2.1)
Facialindex = (
Viserocraniallength
Neurocraniallength
) ⇤ 100 (2.2)
Based on the calculated values, there is little sexual dimorphism in all parts of the rat
skull. The cranial index decreased during skull growth, demonstrating that the neurocranium
grows faster in width than in length. In contrast, the facial index increased, implying that the
viscerocranial length exhibits a faster growth rate than the neurocranial length in the rat skull.
Williams et al, [45] performed measurements of the rat skull in a study of catch-up growth,
growth at a greater velocity than normal. The researchers measured the total skull length (TSL),
NCL, VCL, BZW and NCW at 3, 7, 14, 21, 28, 35, 49, 63, 77, 91, 105, 119 and 228 days of
age using radiography. The length of the skull was 7.5% shorter in the male rats raised in large
litters than in the controls at weaning (p  0.001) ). This di↵erence remained statistically
significant until 119 days of age, when the skull length di↵ered by only 1.7%. Additionally,
the cranial length was 5.7% shorter at weaning than in the controls (P  0.001) and at 77 days
of age, there was no di↵erence between the male and female rats cranial lengthThe neurocra-
nial width, which measures the posterior skull, was 3% shorter in the rats from large litters
than in the controls (P  0.05) ), and this di↵erence remained at 218 days( 4% di↵erence and
p  0.01). The bizygomatic width, measuring the width of the face, was 7% shorter in the
rats from large litters than in the controls at 21 days of age (p  0.001). Moreover, the spinal
length in the male rats from large litters was 81.3% of that in the rats from the control litters
of eight animals at weaning, although this di↵erence was not significant after 77 days. In the
females, the di↵erence in the total skull length at weaning was 6.3% and (p  0.001)), although
this di↵erence was not significant after 49 days. In contrast, the di↵erence in the neurocranial
length was not significant until day 28 (4.5% and (P  0.01))), but by day 49, the di↵erence
was no longer significant (Figure 2.3). Gentile [15]] studied rat craniometrics using a vernier
caliper, the graphic method of Dice and Leraas [13]developed based on Norway rats and three
groups of animals: Group A, the youngest; Group B, the middle-aged; and Group C, the oldest.
In group B, the cranial development was intermediate between that of groups A and C. Inter-
estingly, there were di↵erences in various measurements between the male and female rats in
certain groups. For example, in group C, the palatal and mandible lengths varied between the
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Figure 2.3: (a)Distane(upper) and velocity(lower) graphs of neurocranium length of male and female
rats (b)Distane(upper) and velocity(lower) graphs of viscerocranium length of male and female rats
(c) Distane(upper) and velocity(lower) graphs of bizygomatic width of male and female rats (d) Dis-
tane(upper) and velocity(lower) graphs of Neurocranium width of male and female rats. Photo taken
from [20]
males and females, and in group B, the length of the mandible was larger in the males. In group
A, however, there was no significant di↵erence between the male and female rats due to their
small skull size. Gentile also calculated the correlation coe cient for the relationship between
the condylo-basal length and other dimensions for each gender. All of the coe cients were
high, with P was less than 0.01, indicating a high degree of association between the growth
of the cranial components. The correlation of the zygomatic breadth and condylo-basal length
in the males and females di↵ered. In the correlation of the condylo-postalveolar length and
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Figure 2.4: The Cranial index calculated by formula 4.1. Photo taken from [20]
Figure 2.5: The Facial index calculated by formula 2.2. Photo taken from [20]
condylo-basal length, the males exhibited a correlation coe cient of 0.57, whereas the corre-
lation coe cient in the females was 0.99. Table 2.3 shows the coe cients for a di↵erent part of
the skull in the male and female rats, using the heterogenic growth formula XK ⇤ B = Y deter-
mines the growth rates, and Table 2.4 lists the relative coe cients for the cranial dimensions.
Whenever large di↵erences in the constants occurred, these variations were in favor of the fe-
males, except in the case of the length of diastema [27]. Based on serial radiographs performed
by Gentile, the braincase of the rat skull attains 93% of its adult size in the first month of life
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(fifth month), whereas the facial skeleton and mandible achieve 75% of their adult size. These
findings were based on 15 male and 10 female rats examined via monthly radiographs that
were measured using a sharp-pointed vernier caliper on the X-ray film. These measurements
were repeated 6 times and recorded to the nearest 0.1 mm (p  0.001). Tables 2.5 and 2.6 show
the growth pattern in the rats at 5 months of age. In each region, the amount of growth varied
in the di↵erent dimensions, with the length of both the face and the braincase at one month
of age smaller than their width and height and increasing to a correspondingly greater extent
during growth. The mandibular growth in overall length, an oblique measurement reflecting
the growth of both the mandibular body and the ramus height, closely paralleled that of the
facial height. The mandibular body appeared to grow appreciably less in length than the facial
skeleton, but the corresponding increase in the growth of the angular process was similar to that
of the facial length. After one month of age, the growth in the total length (i.e., the anterior and
posterior segments) of the cranial base approximated the growth in the length of the braincase,
exceeding the latter value by only 6%. In contrast, the growth in the total length fell short of
the growth in the length of the face by approximately 18%. Of the two segments of the cranial
base, the anterior increased at a rate almost exactly corresponding to the increase in the length
of the braincase, whereas the growth of the posterior segment, although exceeding the growth
of the braincase by 10%, was nevertheless closer to the growth in the length of the braincase
than to that of the face [27].
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Correlation Coe↵ecients
Dimention Frequency Males Frequency Females
condylo-orbital length 86 .91 95 .92
palatal length 79 .99 96 .98
zygomativ breadth 46 .89 51 .45
condylo-alveolar length 78 .97 94 .96
interorbital width 82 .81 96 .89
lambdoidal width 78 .89 95 .88
diastema length 75 .85 89 .94
condylo-postalveolar length 76 .57 91 .99
length of mandible 76 .85 92 .92
alveolar length 74 .52 92 .55
Table 2.3: Correlation coe cients between condylo-basal length and other dimensions. Table taken
from [45]
Growth Constants
Dimention Males Females
condylo-orbital length 0.54 0.85
palatal length .99 .90
zygomativ breadth .98 .94
condylo-alveolar length .80 .83
interorbital width .37 .59
lambdoidal width .53 .64
diastema length 1.47 1.07
condylo-postalveolar length 1.03 1.01
length of mandible .86 .97
alveolar length .22 .34
Table 2.4: Relative growth coe cients of cranial dimensions. Table taken from [45]
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2.2 Human Skull Modeling
Jacobsen et al [22] developed a model to distinguish the calvarial shape using geometry. More
specifically, the researchers adopted a pilot application for ellipsoid analysis to compare the cal-
varial form in di↵erent synostotic, metopic, sagittal and coronal and normal subjects. Jacobsen
et al. used a landmark-based method and segmented the skull into six regions using ANALYZE
imaging software, as follows: frontal right (FR), frontal left (FL), parietal right (PR), parietal
left (PL), and occipital left and right (OL and OR). The results showed a di↵erence between
the length ratio, angular, and centroid distance relationships in di↵erent synostotic groups. The
most significant di↵erence was in the centroid distance PL-PR between the patients with sagit-
tal synostosis or metopic synostosis. The other substantial di↵erences were in the distances
FL-PR and FL-PL and the angle OR-FR-PR (Fig. 2.6)
Figure 2.6: Example of CT scan and extracted ellipsoids. Photo taken from [22]
2.3 Correction of Craniosynostosis
Wolnaski et al [46], ] developed a method to correct skull deformation in individual patients
and tested their model on a 3-month-old boy with diagnosed TRI and a 5-month-old boy with
SCP. The method is based on three-dimensional models of the skull geometry in CT scans of
the patients skulls and uses MIMICS V14.12 software to separate the bone tissue from the
images. The elementary skull dimensions that determine the shape of the skull and the severity
of the deformation were first measured (Figure 2.7). Table 2.7 presents the results coupled with
surgical suggestions. The finite-element method [8]and six anatomical points based on basic
craniometrics measurements were then used for biomechanical analysis (Fig2.8)
The correction of the skull during scaphocephaly surgery was performed on the basis of
the inverted ”⇡” procedure, which involves four incisions along the bicoronal, lambdoid and
sagittal sutures to separate the parietal bones. In variant ”1” the inverted modified ⇡ procedure
was applied with two additional half-incisions in the middle of both parietal bones to reduce the
rigidity in this region, to obtain an optimal cosmetic postoperative outcome, and to allow proper
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Figure 2.7: Results of the skull bone thickness analysis (a) a patient with trigonocephaly and (b) i
patient with scaphocephaly. Photo taken from [46]
Figure 2.8: Six points selected on the skull, cephalic index for scaphocephaly and (b) forehead angle
for trigonocephaly. Photo taken from [46]
case Dimension Description Beforesurgery Normal value
Surgery
sugges-
tion
eu.r-eu.l Maximal skull width [mm] 90.75 120.97±6.44 increase
SCP me-op Maximal skull length [mm] 148.79 138.76±13.06 decrease
cephalic
index CI =
maximalwidth
maximallength ⇤ 100% 60.99 83.75±7.25 increase
TRI po.r  me  po.l Forehead angle [deg] 96.58 increase
Table 2.7: Basic craniometry results before the virtual surgery. Table taken from [46]
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brain expansion from the inside. In variant ”2” apart from the standard incisions, the parietal
bones were divided into two sections by additional slots to obtain the maximal possibility of
subsequent repositioning (Figure 2.9).
(a) (b)
(c) (d)
Figure 2.9: (a) Inverted modified ⇡ procedure: four incisions from ⇡ , plus additional half-incisions in
the middle of the parietal bones in scaphocephaly,(b) Inverted modified ⇡ procedure: four incisions from
⇡, plus additional full incisions in the middle of the parietal bones in Scaphocephaly, (c) Remodeling
of the forehead by one incision along the metopic suture and two incisions along the coronal sutures to
separate the frontal bone in Trigonocephaly, (D)Three incisions such as in variant 1 and two additional
incisions in the middle of each half of the frontal bone in Trigonocephaly. Photos taken from [46]
2.3.1 Modeling of correction
Three-dimensional geometrical models were used in the ANASYS environment to perform the
finite-element method. These models were supported on the lower surface of the skull base.
A pressure of 2.66 kPa was loaded through the intracranial bone models, and the bone was
assumed to be an isotopic elastic material with 380 MPa and a Poissons ratio of 0.22. The
relocations were simulated in MIMICS, and the distances between the original and deformed
skull models were measured to determine the deformation values to be used in the ANSIS
environment as the boundary conditions. It was established that a tilt in the bones equal to 12
mm ensured an improved shape of the skull in trigonocephaly and that a relocation of 10 mm
was su cient for the correction of scaphocephaly.
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Figure 2.10: The direction and distribution of the loads application to correct (a) trigonocephaly and
(b) scaphocephaly. Photo taken from [46]
2.4 Results
Following the virtual surgery, the cephalic index in the patient with scaphocephaly increased
from 60.99 to 67.03, , which was a suitable result. In the patient with trigonocephaly, the
forehead angle increased by 29.07  ( From 96.58   to 125.65 ), indicating that the improvement
in the shape of the skull was su cient. The evaluation of the skull requires several months, but
during this time, following the surgery, the brain will alter the shape of the skull.
The biomechanical analysis yielded a color map of stress and deformations (Figures 2.11
and 2.12) that occur during the correction. The reduced stress was calculated using the Huber-
von Mises yield criterion. In scaphocephaly and trigonocephaly, the maximum stresses were
lower than the allowable stress. This generated model may be transformed to MIMICS and
compared with the neurosurgeons findings.
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Figure 2.11: Displacements after the trigonocephaly correction obtained using FEM analysis: (a)
variant 1 of trigonocephaly correction and (b) variant of 2 of scaphocephaly correction. Photo taken
from [46]
Figure 2.12: Map of displacements after the scaphocephaly correction obtained with the use of FEM
analysis: (a) variant 1 of scaphocephaly correction and (b) variant 2 of scaphocephaly correction. Photo
taken from [46]
Chapter 3
Methods
The current study was performed on thirty-six adult male Wistar rats [30]. The animals were
10 weeks of age and approximately 300 g in weight at the time of surgery. Their acclimatiza-
tion was performed in the UWO Animal care facility for 72 hours before the operation. The
rats were housed in standard light-dark cycles and given free access to commercial rat chow
and water [30]. This masters thesis is based on that of Stephanie M. Power, entitled The Ef-
fects of Bone Grafting on Calvarial Healing in a Rat Model and submitted in 2011. One of the
purposes of this study was to compare the e↵ects of bone graft vascularity on calvarial healing.
Landmark-based registration was adopted using MicroView software, with the micro-CT scans
coregistered at ages 2, 6, and 12 weeks with a micro-CT scan from week 0. Four corresponding
landmarks, identified from the cranial sutures anteriorly, were plotted on each scan(Figure3.1).
This registration was performed posteriorly as well. The objective was to show whether di↵er-
ences exist based on anatomic selections for rigid-body registration. However, the landmarks,
selected in 2D, were a weakness of this study. As the skull grows in three dimensions, the
results of such a study are not reliable. Below, we present a method that demonstrates why
points and landmarks must be selected on all parts of the skull.
(a) (b)
Figure 3.1: Anterior Suture Landmarks Plotted for Co-Registrations [30]
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3.0.1 Skull Segmentation
To provide a better view of the skull, the suture and bone segmentation of computed tomog-
raphy images of a rat was performed using AMIRA software. As these images were in v↵
format, and dicom-format images were needed for the segmentation, Slicer software was used
to convert the images. Loading 1200 dicom images generated a segmented rat skull, as shown
in Figure3.2.
(a)
(b)
(c)
Figure 3.2: Rat skull segmentation
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3.1 IMAGE Analysis and Registration
Serial micro-computed tomography (micro-CT) scans were immediately performed postop-
eratively to provide images of the skull, and additional scans were completed at 2, 6, and
12 weeks after the surgery. The SpeCZT live-animal micro-CT scanner (GE Healthcare Bio-
sciences, London, ON, Canada) was used for all scans. Five-minute high-resolution scans were
performed at an X-ray-tube voltage of 90 kV and a tube current of 40 mA.
Certain images were reoriented and cropped using MicroView software (version 2.1.2; GE
Healthcare Biosciences, London, ON) to provide a better view of the skull. Three-dimensional
reconstructions were first created and linearly rescaled according to the CT number for air (-
1000 Hounsfield units) and water (0 HU). The scans were reoriented with the sagittal plane
along the Z-axis, and further reorientations were performed to align the coronal and axial
planes with the X-axis and Y-axis, respectively. To distinguish the bone from the background
of soft tissue, the auto threshold was calculated from gray-level histograms based on regions
of interest (ROIs) containing roughly equal volumes of bone and soft tissue. The mean auto
threshold (1100 HU, SD 84) was then applied to all analyses
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(a) (b)
(c) (d)
(e) (f)
(g) (h)
Figure 3.3: Selecting points on the Rat skull using MicroView
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(a) (b)
(c) (d)
(e) (f)
Figure 3.4: Continued - Selecting points on the Rat skull using MicroView
To account for the growth of the rat skull, point-to-point non-rigid registration was per-
formed for 36 rats at di↵erent ages. In rats, skull growth continues throughout adulthood. For
each rat, three registrations were completed in total, at 0-2, 2-6 and 6-12 weeks of age. A key
aspect of this study was to collect points from di↵erent parts of the skull in a three-dimensional
environment. The selected points were mostly located on the sutures. A non-rigid registration
was then developed using these points. More specifically, two CT images from two di↵erent
ages of a rat were aligned with each other using the selected points. Using the registration, we
could compare the location of the points between ages, determining whether these points were
located in the same position. After analyzing the registration and confirming that the points
were well-positioned on both skulls, the matrix was used to set the model on the skull.
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(a) (b)
(c) (d)
(e) (f)
(g) (h)
Figure 3.5: Non rigid registration of CT images of a rat skull using MicroView
After analysing the registration and confirming that the points are in good position in the
both skulls, the points matrix is used to set the model on the skull.
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3.2 Modelling
MATLAB code was developed to fit an ellipsoid to the selected points on the 3D datasets. A
technique based on minimizing the sum of the squares of the geometric distances between the
data and the ellipsoid used for the modelling [42]. The reason for choosing the ellipsoid model
is the shape of skull which is more close to the rats skull. To have an accurate result we needed
3D points on the skull and so ellipsoid model chose to cover all di↵erent points from the skull.
Ellipsoid is defined in terms of center co-ordinates (a, b, c), semi axes (r1, r2, r3) and angles
✓1, ✓2 and ✓3 which represents rotations around z-, y-, and x-axes respectively. These angles
control the orientation of the ellipsoid. We can define the ellipsoid parametrically by0BBBBBBBB@xyz
1CCCCCCCCA = R1R2R3
0BBBBBBBB@rx cos u cos vry sin u cos vrz sin v
1CCCCCCCCA +
0BBBBBBBB@abc
1CCCCCCCCA (3.1)
Where  ⇡  u < ⇡ and -⇡/2  v < ⇡/2 are scalar auxiliary parameters.
R1 =
0BBBBBBBB@ c1 s1 0 s1 c1 00 0 1]
1CCCCCCCCA (3.2)
R2 =
0BBBBBBBB@ c2 0 s20 1 0 s2 0 c2]
1CCCCCCCCA (3.3)
and
R3 =
0BBBBBBBB@1 0 00 c3 s30  s3 c3]
1CCCCCCCCA (3.4)
R1 (3.2), R2 (3.3) andR3 (3.4) are rotation matrices with ck=cos ✓k and sk= sin ✓k, k = 1, 2, 3.
Then the best fit ellipsoid,E⇤ can be find by minimizing the sum of the squares of the geomet-
ric distances from data to the ellipsoid. The geometric distance is defined to be the distance
between the data and the closest point on the ellipsoid. Finding E⇤ is a non-linear problem
which it can be solved by Gauss-Newton algorithm , suppose that we have a parameter set
s = [aˆ, bˆ, cˆ, rˆx, rˆy, rˆz, ✓ˆ1, ✓ˆ2, ✓ˆ3]T that estimates Eˆ of E⇤. For every points we need to find the
distance to Eˆ hence determine the vector d whose ith component is the geometric distance to
data point xi. If J is the Jacobian matrix defined at s by
Ji j =
@di
@s j
(3.5)
an updated solution is given by s+p, where p is the least squares solution of the linear
system.
Jp =  d, (3.6)
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3.2.1 Algorithm for a linear least squares estimated ellipsoid
Turner et al [42] provided an algorithm to determine an estimated ellipsoid E , which provides
the initial estimate for the best fitting ellipsoid E⇤. An ellipsoid with general orientation can be
expressed as:
XT A¯x + b¯T x + c¯ = 0 (3.7)
Which A¯is symmetric with positive definite, b¯ is vector and c¯ is a scalar.
A¯ =
0BBBBBBBB@ A D/2 E/2D/2 B F/2E/2 F/2 C
1CCCCCCCCA (3.8)
b¯ =
0BBBBBBBB@GHK
1CCCCCCCCA (3.9)
c¯ = L, (3.10)
x =
0BBBBBBBB@xyz
1CCCCCCCCA (3.11)
A quadric equation for ellipsoid is :
Ax2 + By2 +Cz2 + Exz + Fyz +Gx + Hy + Kz + L = 0 (3.12)
To have a positive definite for A¯, we need D2 < 4AB and E2 < 4AC and F2 < 4BC. Equa-
tion 3.12 contains ten parameters, So we need to have a suitable constraint or eliminate some
parameter. The best to have linear problem is fix one parameters in equation 3.12 constant.
We examine how parameters A, B, C are related to the center of the ellipsoid, semi-axes and
orientation. From the equation 3.12 we deduce that a point (x,y,z) on the ellipsoid satisfies
1/(rx)2[(x   a)c1c2 + (y   b)(s1c3   c1s2s3) + (z   c)(c1s2c3 + s1s3)]2
+1/(ry)2[ (x   a)s1c2 + (y   b)(s1s2s3 + c1c3) + (z   c)(c1s3   s1s2c3)]2
+1/(rz)2[ (x   a)s2   (y   b)c2s3 + (z   c)c2c3]2 = 1
(3.13)
Comparing coe cients of x2, y2 and z2 in equations (3.13) and (3.12)
A = c21c
2
2/r
2
x + s
2
1c
2
2/r
2
y + s
2
2/r
2
z , (3.14)
B = (s1c3   c1s2s3)2/r2x + (s1s2s3 + c1c3)2/r2y + c22s23/r2z , (3.15)
C = (c1s2c3 + s1s3)2/r2x + (c1s3   c1s3   s1s2c3)2/r2y + c22c23/r2, (3.16)
A, B and C are positive. We can derive the other expressions in terms of a, b and c for the
other coe cients. D, E and F are near zero if ✓1 and ✓2 and ✓3 are near zero for the ellipsoids
centred on near the origin ( G,H and K are near zero in certain other cases also). A, B and C are
non-zero and the constraint should be based on these parameters. We can constrain equation
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3.12 by setting A+B +C constant, since it’s not known which one is the largest. The equation
3.12 can be rewritten:
1/3[(A + B +C)(x2 + y2 + z2) + (A  C)(x2 + y2   2z2) + (A   B)(x2   2y2 + z2)]
+Dxy + Exz + Fyz +Gx + Hy + Kz + L = 0.
(3.17)
By multiplying equation 3.17 in 3/(A + B +C) we have
x2 + y2 + z2   U(x2 + y2   2z2)   V(x2   2y2 + z2)
 4Mxy   2Nxz   2Pyz   Qx   Ry   S z   T = 0, (3.18)
Thee coe cients in equation 3.18 are simple linear combinations of those in equation 3.17.
To obtain a sphere we can set the M, N and P zero. Given the data set Xi = (xi, yi, zi)mi=1, the
estimated ellipsoid Eˆ is found by obtaining the solution in the least squares sense of the linear
algebraic equations
^sLS = e, (3.19)
Where S LS = (U,V,M,N, P,Q,R, S ,T )T , The ith element of e is x2i + y
2
i + z
2
i and the row of
the m ⇥ 9 matrix ^ is
[x2i + y
2
i   2z2i , x2i   2y2i + z2i , 4xiyi, 2xizi, 2yizi, xi, yi, zi, 1], (3.20)
Since the elemts of the vector e are not , in general, measures of the geometric distances
so the method does not normally provide the best geometric fitting ellipsoid. It is di cult to
interpret the residuals minimized in this method in a geometric sense.
3.2.2 An algorithm for computing the ellipsoid of best geometric fit
In this section we aim to find the best fitting ellipsoid, E⇤, by minimizing the sum of the squares
of the geometric distances from the data Ximi=1 to the ellipsoid, Turner et al [42], used the linear
least square algorithm in the last section to provide initial estimates of the solution parameters.
One possible approach is to apply implicit orthogonal distance regression 3.23 to equation
3.18. However, we prefer to seek an alternative parametrization of an ellipsoid, since the para-
metric from more readily lends itself to distance regression. From equation 3.18, an ellipsoid
centred at the origin with general orientation can be written as”
x2 + y2 + z2 = U(x2 + y2   2z2) + V(x2   2y2 + z2) + 4Mxy + 2Nxz + 2Pyz + T (3.21)
Introducing spherical polar co-ordinates x = r cos u cos v, y = rsinucosv, and z = rsinv we
obtain
r2 = T + r2[M(1 + cos 2v) sin 2u + N cos u sin 2v + P sin u sin 2v
+U(3 cos 2v   1)/2 + 3V(cos 2v   1)/2 + 3V(cos 2u cos 2v + cos 2u   cos 2v + 1/3)/4].
(3.22)
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Hence,
r2 = T/[1   M(1 + cos 2v) sin 2u   N cos u sin 2vP sin u sin 2v
 U(3 cos 2v   1)/2   3V(cos 2u cos 2v + cos 2u   cos 2v + 1/3)/4]. (3.23)
Therefore an ellipsoid centred at (a, b, c) can be specified as
x⇤ = a + r(u, v) cos u cos v,
y⇤ = b + r(u, v) sin u cos v,
z⇤ = c + r(u, v) sin v,
(3.24)
we can have r(u,v) from the equation 3.23 and x⇤ = x + a, etc. By using the Gauss-
Newton algorithm we can derive the best fit ellipsoid in a manner similar to that we described
before, the ellipsoid can be defined by the equation 3.24 and the minimization parameters are
s⇤ = [a, b, c,M,N, P,T,U,V]T , and the parametrization resulted in a good spherical data.
We used the above algorithm to develop our matlab code for the best fit ellipsoid on our
data 3.6.
Figure 3.6: Setting an ellipsoid n the data points
3.3 Goodness of fit, Condition Number
Goodness of fit is statistical model which describes how well the model fits a set of observation.
Measures of goodness of fit summarise the discrepancy between observed values and the values
expected under the model in question.
In our model, since the data is matrix, we prefer to calculate the condition number for each
rat to check how reliable are the selected points.
The condition Number for a Matrix
The condition number is the estimation of the accuracy of a result in a given calculation [23].
For square matrices we can measure the sensitivity of the solution of the linear algebraic system
Ax = b with respect to changes in vector b and in matrix A by using notion of the condition
number of matrix A [43] [7].
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Condition number is defined as the product of the norm of A and the norm of A inverse.
k = kAkkA 1k
We can easily calculate the singular value in MATLAB by svd command. MATLAB com-
putes the condition number corresponding to the Euclidean norm.
Condition number depends on the underlying norm. However, regardless of the norm, it is
always greater or equal to 1. If it is close to one, the matrix is well conditioned which means
it’s inverse can be computed with a good accuracy. If the condition number is large, then the
matrix is known as a ill-conditioned matrix. Particularly, such a matrix is almost singular, and
the computation of the inverse, or the solution of the linear system of equation is prone to large
numerical errors. A non invertible matrix has a condition number equal to infinity.
For manual calculations of condition number it is better to use the norm of Matrix.
A =
 
1 1
1 1 + ✏
!
Where ✏ is a small parameter. Matrix of this type is singular, since the determinant is equal
to 0. The vectors represented by columns of A are almost aligned. Then we calculate the in-
verse of matrix
A 1 = 1/✏
 
1 + ✏  1
 1 1
!
and then the norm of the matrix ,
kAk = max16 j6
nP
i=1
|ai j|
kA 1k = 1/✏(2 + |✏|)
k = 1/|✏ |(2 + |✏|)2
This shows that the condition number grows unbounded as parameter ✏ goes to zero. Large
condition number means poorly invertible and accuracy of solution of the system maybe bad.
3.4 Least squares A ne Transform fitting using pseudo-inverse
and condition number
A 3D a ne transformation of a point (x,y,z) is usually represented as :0BBBBBBBB@x
0
y0
z0
1CCCCCCCCA =
0BBBBBBBB@a11 a12 a13a21 a22 a23a31 a32 a33
1CCCCCCCCA
0BBBBBBBB@xyz
1CCCCCCCCA +
0BBBBBBBB@txtytz
1CCCCCCCCA =
0BBBBBBBB@a11x + a12y + a13z + txa21x + a22y + a23z + tya31x + a32y + a33z + tz
1CCCCCCCCA (3.25)
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The following is an equivalent representation of an a ne transformation using homogenous
coordinates. where each 3D point (x,y,z) is represented using a 4-element vector, (x,y,z,1)0BBBBBBBBBBBBB@
x0
y0
z0
1
1CCCCCCCCCCCCCA =
0BBBBBBBBBBBBB@
a11 a12 a13 tx
a21 a22 a23 ty
a31 a32 a33 tz
0 0 0 1
1CCCCCCCCCCCCCA
0BBBBBBBBBBBBB@
x
y
z
1
1CCCCCCCCCCCCCA =
0BBBBBBBBBBBBB@
a11x + a12y + a13z + tx
a21x + a22y + a23z + ty
a31x + a32y + a33z + tz
1
1CCCCCCCCCCCCCA (3.26)
or
X0 = A ⇤ X (3.27)
In this representation, the point is left-multiplied by transform. We can consider the trans-
formation action as a right-multiplication. If we re-write our coe cients and points in the
following form :0BBBBBBBB@x1
0
y10
z10
1CCCCCCCCA =
0BBBBBBBB@x1 y1 z1 1 0 0 0 0 0 0 0 00 0 0 0 x1 y1 z1 1 0 0 0 00 0 0 0 0 0 0 0 x1 y1 z1 1
1CCCCCCCCA ⇤ a (3.28)
a is the transpose of
   a11 a12 a13 tz a21 a22 a23 ty a31 a32 a33 tz    When
we have several data points we can create a matrix representation that transforms each of the
points simultaneously by a, repeating this for each of the n points, so you get a system with (n
times 4) rows:0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
x10
y10
z10
x20
y20
z20
.
.
xn0
yn0
zn0
1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
=
0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
x1 y1 z1 1 0 0 0 0 0 0 0 0
0 0 0 0 x1 y1 z1 1 0 0 0 0
0 0 0 0 0 0 0 0 x1 y1 z1 1
x2 y2 z2 1 0 0 0 0 0 0 0 0
0 0 0 0 x2 y2 z2 1 0 0 0 0
0 0 0 0 0 0 0 0 x2 y2 z2 1
. . .
. . .
. . .
xn yn zn 1 0 0 0 0 0 0 0 0
0 0 0 0 xn yn zn 1 0 0 0 0
0 0 0 0 0 0 0 0 xn yn zn 1
1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
⇤
0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
a11
a12
a13
tx
a21
a22
a23
ty
a31
a32
a33
tz
1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
(3.29)
or in the other word
p0 = Pa (3.30)
By using ”Least Squares” method to find the a ne transformation ”a” for a given set of
points, we are are trying to find the closest reasonable solution.
We can get the same solution by using pseudo-inverse as using least squares. if the matrix
of the coordinates is P , the new matrix after transformation is p0 and then we have:
p0 = Pa (3.31)
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multiply both sides by PT
PT (p0) = PTPa (3.32)
and isolate matrix ”a” :
(PTP) 1PT (p0) = a (3.33)
This allows to express the a ne transformation through the definition of the pseudo-inverse
:
pInv(P) = (PTP) 1PT (3.34)
In the other words :
pInv(P) ⇤ p0 = a (3.35)
the condition number for this solution is given in terms of the matrix P and the pseudo-
inverse pInv (P) such that
k(P) = ||P||||pInv(P)|| (3.36)
In the next chapter we are going to discuss about the matrices of the points from the rats
skull and the condition number of these matrices and compare them to have the best fit ellipsoid
on the points.
Chapter 4
Results
As we discussed regarding craniometrics in chapter 2, the neurocranial length (NCL) and neu-
rocranial width (NCW) are measured and then the index is calculated. For 16 rats, we used
MicroView software to select points on the neurocranium. We also measured the volume of
the rat skull by selecting radii on the skull. Figure 4.1 shows the points selected to measure
the NCL, NCW and radii of the ellipsoid to determine the skull volume, and equation 4.1 was
used to calculate the cranial index of the skull.
Index = (
Neurocraniumwidth
NeurocraniumLength
) ⇤ 100 (4.1)
Table 4.1 to 4.16 show the result of the measurements. As we can see the volume of the
skull is increasing by the time. Table 4.17 shows the rate of skull growth in the rats.
Rat1
Week NCL NCW Z INDEX VOLUME
0 24.19 14.23 9.01 58 1616.25
2 25.58 15.32 9.12 59 1866.66
6 25.99 19.44 9.52 74 2511
12 26.5 20.1 9.48 77 2577.60
Table 4.1: Craniometrics for rat 1
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Rat3
Week NCL NCW Z INDEX VOLUME
0
2 26.618 14.72 9.3 55 1901.88
6 27.4 19.47 9.41 53 2617
12 28.17 14.88 8.86 52 1939
Table 4.2: Craniometrics for rat 3
Rat5
Week NCL NCW Z INDEX VOLUME
0 26.098 12.05 9.01 46 1476.005
2 26.518 12.73 9.44 48 1656
6 27.24 12.77 9.87 46 1789
12 27.6 13.53 9.67 43 1882.67
Table 4.3: Craniometrics for rat 5
Rat6
Week NCL NCW Z INDEX VOLUME
0 24.808 14.14 9.24 57 1692.32
2 26.588 13.25 10 56 1838.03
6 27.054 13.25 10.3 49 1890.33
12 28.46 13.65 10.59 47 2145.09
Table 4.4: Craniometrics for rat 6
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(a)
(b)
(c)
Figure 4.1: Selecting points to measure NCL, NCW and volume
Certain CT scans were cropped, which rendered finding the NCL, NCW and index impossible.
Although we observed that the index decreases with age, in some cases, we noted an increase
in the index and a decrease in the volume, NCL and NCW with age. As the points used to find
the NCL and NCW are selected by hand and the positions are determined by eye alone, this
may have caused errors in certain measurements.
48 Chapter 4. Results
Rat7
Week NCL NCW Z INDEX VOLUME
0 24.948 13.62 9.19 54 1529
2 25.15 13.88 9.075 55 1532.21
6 25.71 13.33 9.05 51 1616.28
12 26.94 13.73 10.22 50 1851.64
Table 4.5: Craniometrics for rat 7
Rat9
Week NCL NCW Z INDEX VOLUME
0 24.63 13.56 10.29 55 1821.59
2 26.84 14.47 9.49 53 1897.51
6
12 27.29 13.06 9.57 47 1778
Table 4.6: Craniometrics for rat 9
Rat10
Week NCL NCW Z INDEX VOLUME
0 24.68 13.25 9.93 50 1692.99
2 25.97 13.15 9.79 50 1742.41
6 27.51 13.15 10.2 47 1925.03
12 27.79 11.89 10.16 42 1744.96
Table 4.7: Craniometrics for rat 10
Rat11
Week NCL NCW Z INDEX VOLUME
0 26.23 13.34 9.01 50 1644.15
2 26.86 13.15 9.88 48 1821.25
6 28.13 13.5 10.13 47 2006.50
12 29.15 13.35 10.54 45 2139.91
Table 4.8: Craniometrics for rat 11
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Rat12
Week NCL NCW Z INDEX VOLUME
0 24.53 12.9 8.76 52 1447.19
2 25.89 13.38 10.18 51 1848.22
6 26.06 14.54 10.79 55 2133.38
12 29 15.68 9.78 54 2322.70
Table 4.9: Craniometrics for rat 12
Rat13
Week NCL NCW Z INDEX VOLUME
0 23.78 14.80 9.01 62 1648.78
2 24.72 14.83 9.42 59 1802.43
6 26.81 14.54 9.81 54 1994.51
12 27.19 14.67 9.92 49 2064.46
Table 4.10: Craniometrics for rat 13
Rat14
Week NCL NCW Z INDEX VOLUME
0 24.9 13.25 7.23 54 1320.26
2 24.69 13.23 10.25 53 1744.97
6 26.95 14.21 10.12 52 2062.51
12 27.65 13.72 10.31 49 2040.05
Table 4.11: Craniometrics for rat 14
Rat15
Week NCL NCW Z INDEX VOLUME
0 24.99 14.71 9.89 58 1894.86
2 25.48 14.69 10.1 57 1973.14
6 26.64 14.4 10.01 54 2003.58
12 26.88 14.92 10.12 55 2119.77
Table 4.12: Craniometrics for rat 15
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Rat16
Week NCL NCW Z INDEX VOLUME
0
2
6 24.67 14.32 9.83 58 1811.16
12 25.96 14.85 10.07 57 1971.79
Table 4.13: Craniometrics for rat 16
Rat20
Week NCL NCW Z INDEX VOLUME
0 25.39 13.8 9.95 54 1818.31
2 27.22 14.8 9.52 54 2003.08
6 28.22 14.48 9.87 51 2104.33
12
Table 4.14: Craniometrics for rat 20
Rat30
Week NCL NCW Z INDEX VOLUME
0 26 13.82 10.37 53 1944.25
2 26.66 13.41 9.68 50 1806.14
6 26.67 13.85 10.04 50 1934.82
12
Table 4.15: Craniometrics for rat 30
Rat40
Week NCL NCW Z INDEX VOLUME
0 26.54 14 10.72 52 2057.05
2 26.9 14.35 11.01 53 2216.18
6 27.65 14.18 10.33 51 2112.54
12
Table 4.16: Craniometrics for rat 40
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Growth Rate
Rat Week0-2 Week2-6
Week6-
12
Rat1 13% 25% %2
Rat3 27%
Rat5 10% 7% 4%
Rat6 7% 2% 13%
Rat7 1% 5% 12%
Rat9 4%
Rat10 2% 9%
Rat11 9% 9% 6%
Rat12 21% 13% 8%
Rat13 8% 9% 3%
Rat14 24% 15%
Rat15 4% 1% 5%
Rat16 8%
Rat20 9% 4%
Rat30 6%
Rat40 7%
Table 4.17: Growth rate in rat skull
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4.1 Ellipsoid Modeling
As discussed in chapter 3, an ellipsoid model was developed to fit the skull and tested on 36
rats using the micro-CT images from 10 weeks of age. Therefore, week 10 was dubbed week 0
and week 12 was called week 2, and this pattern continued until 2 years of age. As previously
discussed, our model includes the center of the ellipsoid, the radius, and the radius direction as
a 3 ⇥ 3 matrix and a v matrix that describes the 9 parameters in ellipsoid equation 3.12. We
then measured the volume of the skull of each rat. Tables 4.19,4.20,4.18 and 4.21 show each
rats results. Although the measurements were not equal to the exact volume of the skull, the
values were close. In rats for which the skull volume was significantly higher than that of the
other rats, the point selection may not have been as precise. The condition number for these
matrices thus may have been higher than that of the other rats, as the points were very scattered
and resulted in an unexpected volume value.
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Rat centre radius volume
3
0BBBBBBBB@ 7.83948.0031 10.1832
1CCCCCCCCA
0BBBBBBBB@15.33068.28435.5405
1CCCCCCCCA 2940.122617029742
4
0BBBBBBBB@  5.303712.9123 14.6262
1CCCCCCCCA
0BBBBBBBB@12.20188.42945.6210
1CCCCCCCCA 2415.659199213942
5
0BBBBBBBB@ 4.9511.3 8.03
1CCCCCCCCA
0BBBBBBBB@15.57.755.7
1CCCCCCCCA 2860.946720935627
7
0BBBBBBBB@ 5.569.53 4.17
1CCCCCCCCA
0BBBBBBBB@14.57.835.24
1CCCCCCCCA 2485.7792875664964
8
0BBBBBBBB@ 11.811.6 2.75
1CCCCCCCCA
0BBBBBBBB@13.47.795.85
1CCCCCCCCA 2551.5238714172447
9
0BBBBBBBB@  4.913.1 9.12
1CCCCCCCCA
0BBBBBBBB@12.49.75.49
1CCCCCCCCA 2759.0989605882955
10
0BBBBBBBB@ 10.719.7 10.5
1CCCCCCCCA
0BBBBBBBB@12.96.995.61
1CCCCCCCCA 2113.6411766971673
12
0BBBBBBBB@ 22.5258 9.91
1CCCCCCCCA
0BBBBBBBB@30410.79.24
1CCCCCCCCA 12558.299789073651
13
0BBBBBBBB@8.9717.4 9.7
1CCCCCCCCA
0BBBBBBBB@13.67.335.3
1CCCCCCCCA 2207.5993947797697
20
0BBBBBBBB@ 4.9122.9 18.8
1CCCCCCCCA
0BBBBBBBB@ 128.495.54
1CCCCCCCCA 2358.3063193475014
21
0BBBBBBBB@ 2.8811.6 6.64
1CCCCCCCCA
0BBBBBBBB@15.27.745.52
1CCCCCCCCA 2713.4707227222857
22
0BBBBBBBB@  3.8514.4 0.328
1CCCCCCCCA
0BBBBBBBB@10.58.415.49
1CCCCCCCCA 2025.6254881505608
24
0BBBBBBBB@ 6.6411.5 14.6
1CCCCCCCCA
0BBBBBBBB@15.26.665.33
1CCCCCCCCA 2254.480793849267
25
0BBBBBBBB@ 10.620 12.2
1CCCCCCCCA
0BBBBBBBB@13.79.035.57
1CCCCCCCCA 2879.1548707679895
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26
0BBBBBBBB@ 8.2513.9 12.3
1CCCCCCCCA
0BBBBBBBB@12.77.875.92
1CCCCCCCCA 2472.302874213493
30
0BBBBBBBB@ 1.1418.9 13.6
1CCCCCCCCA
0BBBBBBBB@14.18.035.57
1CCCCCCCCA 2635.0652078874477
31
0BBBBBBBB@ 13.719.3 9.08
1CCCCCCCCA
0BBBBBBBB@13.37.715.6
1CCCCCCCCA 2471.522030102704
32
0BBBBBBBB@ 2.5819.7 14.1
1CCCCCCCCA
0BBBBBBBB@12.18.535.55
1CCCCCCCCA 2393.4750149719844
33
0BBBBBBBB@ 5.3915.7 7.05
1CCCCCCCCA
0BBBBBBBB@11.58.565.69
1CCCCCCCCA 2340.3746488324064
34
0BBBBBBBB@ 11.718.9 8.77
1CCCCCCCCA
0BBBBBBBB@11.97.655.76
1CCCCCCCCA 2165.1737542705528
35
0BBBBBBBB@ 10.818.1 10.4
1CCCCCCCCA
0BBBBBBBB@17.36.995.55
1CCCCCCCCA 2804.25676160481
36
0BBBBBBBB@ 10.218.5 15.9
1CCCCCCCCA
0BBBBBBBB@16.25.985.93
1CCCCCCCCA 2400.338028014011
37
0BBBBBBBB@ 1.8614.2 8.07
1CCCCCCCCA
0BBBBBBBB@12.68.425.69
1CCCCCCCCA 2522.2981231605813
38
0BBBBBBBB@ 9.5214.4 14.7
1CCCCCCCCA
0BBBBBBBB@13.18.165.51
1CCCCCCCCA 2461.0167352765616
39
0BBBBBBBB@ 7.5418.8 13.1
1CCCCCCCCA
0BBBBBBBB@14.26.955.41
1CCCCCCCCA 2230.858003206063
40
0BBBBBBBB@ 2.3623.4 12.3
1CCCCCCCCA
0BBBBBBBB@ 156.965.72
1CCCCCCCCA 2495.15794066515
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Rat Center Radius Volume
3
0BBBBBBBB@  7.88.0 10.1
1CCCCCCCCA
0BBBBBBBB@15.38.25.5
1CCCCCCCCA 2940.122617029742
4
0BBBBBBBB@ 6.113.7 9.2
1CCCCCCCCA
0BBBBBBBB@12.28.95.6
1CCCCCCCCA 2564.2938626748064
5
0BBBBBBBB@ 10.616.8 8.52
1CCCCCCCCA
0BBBBBBBB@15.58.165.79
1CCCCCCCCA 2846.802528763134
6
0BBBBBBBB@ 1411.62.66
1CCCCCCCCA
0BBBBBBBB@14.77.785.94
1CCCCCCCCA 2838.473803469269
7
0BBBBBBBB@ 6.2814.3 3.16
1CCCCCCCCA
0BBBBBBBBBBBBB@
12.8
8.35
5.49
1CCCCCCCCCCCCCA 2847.597244890446
8
0BBBBBBBB@ 13.714.7 9.03
1CCCCCCCCA
0BBBBBBBB@15.78.085.88
1CCCCCCCCA 3116.6630556888304
9
0BBBBBBBB@ 9.2711.3 6.31
1CCCCCCCCA
0BBBBBBBB@12.98.865.59
1CCCCCCCCA 2669.5419740130733
10
0BBBBBBBB@ 6.0113.3 9.22
1CCCCCCCCA
0BBBBBBBB@13.57.445.51
1CCCCCCCCA 2312.3832593471957
13
0BBBBBBBB@ 18.9211.27
1CCCCCCCCA
0BBBBBBBB@16.76.415.35
1CCCCCCCCA 2392.9289087793472
12
0BBBBBBBB@ 12.627.2 3.17
1CCCCCCCCA
0BBBBBBBB@24.77.273.99
1CCCCCCCCA 2993.682740580085
17
0BBBBBBBB@ 10.915.9 4.51
1CCCCCCCCA
0BBBBBBBB@14.36.925.77
1CCCCCCCCA 2385.719930987892
18
0BBBBBBBB@ 13.718.5 5.86
1CCCCCCCCA
0BBBBBBBB@13.38.525.88
1CCCCCCCCA 2784.0054141580654
20
0BBBBBBBB@ 8.2418.6 9.64
1CCCCCCCCA
0BBBBBBBB@20.26.465.33
1CCCCCCCCA 2906.1137560354287
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21
0BBBBBBBB@  1114.7 13.8
1CCCCCCCCA
0BBBBBBBB@14.57.965.46
1CCCCCCCCA 2633.1477358686016
22
0BBBBBBBB@ 11.317.5 16.4
1CCCCCCCCA
0BBBBBBBB@11.28.825.61
1CCCCCCCCA 2315.5330427615636
24
0BBBBBBBB@ 0.6389.175.67
1CCCCCCCCA
0BBBBBBBB@15.86.55.32
1CCCCCCCCA 2282.882661317375
25
0BBBBBBBB@ 8.1612.6 12.1
1CCCCCCCCA
0BBBBBBBB@ 139.175.85
1CCCCCCCCA 2913.869299634527
26
0BBBBBBBB@ 8.0918.7 15.4
1CCCCCCCCA
0BBBBBBBB@13.18.45.97
1CCCCCCCCA 2744.8993639160753
28
0BBBBBBBB@  1721.3 6.27
1CCCCCCCCA
0BBBBBBBB@20.46.766.02
1CCCCCCCCA 3468.764918933885
30
0BBBBBBBB@ 15.222.5 19.5
1CCCCCCCCA
0BBBBBBBB@15.27.735.66
1CCCCCCCCA 2778.695941617068
31
0BBBBBBBB@ 5.5724 6.72
1CCCCCCCCA
0BBBBBBBB@11.59.646.01
1CCCCCCCCA 2783.8822373366497
32
0BBBBBBBB@ 11.323.4 3.94
1CCCCCCCCA
0BBBBBBBB@ 128.265.91
1CCCCCCCCA 2447.6554763739723
33
0BBBBBBBB@ 6.5210 15.3
1CCCCCCCCA
0BBBBBBBB@13.27.945.46
1CCCCCCCCA 2391.0496265891215
34
0BBBBBBBB@ 10.922.4 11.9
1CCCCCCCCA
0BBBBBBBB@10.59.425.91
1CCCCCCCCA 2442.4697656189433
35
0BBBBBBBB@ 14.917.5 15.7
1CCCCCCCCA
0BBBBBBBB@15.57.295.83
1CCCCCCCCA 2752.512468646719
36
0BBBBBBBB@ 12.524.8 9.54
1CCCCCCCCA
0BBBBBBBB@16.56.255.77
1CCCCCCCCA 2486.229919187582
37
0BBBBBBBB@ 11.419.9 17.5
1CCCCCCCCA
0BBBBBBBB@14.27.695.64
1CCCCCCCCA 2573.328926497748
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38
0BBBBBBBB@ 12.915.5 11.5
1CCCCCCCCA
0BBBBBBBB@12.98.355.46
1CCCCCCCCA 2457.368812762835
39
0BBBBBBBB@ 11.720.2 17.8
1CCCCCCCCA
0BBBBBBBB@13.46.975.7
1CCCCCCCCA 2224.405426363752
40
0BBBBBBBB@ 13.523.2 16.9
1CCCCCCCCA
0BBBBBBBB@18.96.535.99
1CCCCCCCCA 3088.8962508084733
Table 4.20: week 6
Rat centre radius volume
3
0BBBBBBBB@ 6.521.1 5.2
1CCCCCCCCA
0BBBBBBBB@12.48.74.5
1CCCCCCCCA 2067.855354876063
4
0BBBBBBBB@ 9.78.0 8.5
1CCCCCCCCA
0BBBBBBBB@24.99.55.9
1CCCCCCCCA 5958.692000347812
5
0BBBBBBBB@ 13.314.9 8.85
1CCCCCCCCA
0BBBBBBBB@16.57.555.71
1CCCCCCCCA 2972.1349027698097
6
0BBBBBBBB@ 13.827.9 14
1CCCCCCCCA
0BBBBBBBB@20.68.824.91
1CCCCCCCCA 3727.5099494391575
7
0BBBBBBBB@  1212.3 19.2
1CCCCCCCCA
0BBBBBBBB@13.79.195.8
1CCCCCCCCA 3051.164240516359
8
0BBBBBBBB@ 3.6840.5 16.2
1CCCCCCCCA
0BBBBBBBB@36.48.584.29
1CCCCCCCCA 5598.1879796337225
10
0BBBBBBBB@ 6.84 9.44 19.9
1CCCCCCCCA
0BBBBBBBB@46.215.37.42
1CCCCCCCCA : 21914.866297564797
11
0BBBBBBBB@ 1.1139.8 23.4
1CCCCCCCCA
0BBBBBBBB@37.78.073.64
1CCCCCCCCA 4627.194790116834
12
0BBBBBBBB@ 8.6418.1 11.1
1CCCCCCCCA
0BBBBBBBB@12.510.35.95
1CCCCCCCCA 3200.8529089314848
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13
0BBBBBBBB@ 5.9219 4.45
1CCCCCCCCA
0BBBBBBBB@11.98.255.97
1CCCCCCCCA 2448.932161509094
14
0BBBBBBBB@ 4.9219.5 6.67
1CCCCCCCCA
0BBBBBBBB@12.68.886.12
1CCCCCCCCA 2861.1224610003733
15
0BBBBBBBB@ 40.4 4.93 3.68
1CCCCCCCCA
0BBBBBBBB@ 5414.78.81
1CCCCCCCCA 29220.5587854221
16
0BBBBBBBB@ 3.2518 13.5
1CCCCCCCCA
0BBBBBBBB@ 217.345.5
1CCCCCCCCA 3542.252845694502
17
0BBBBBBBB@ 5.2615.7 13.3
1CCCCCCCCA
0BBBBBBBB@14.48.115.78
1CCCCCCCCA 2820.412939354508
18
0BBBBBBBB@ 8.7716.4 17.4
1CCCCCCCCA
0BBBBBBBB@12.88.675.52
1CCCCCCCCA 2559.5856021762243
19
0BBBBBBBB@ 17.619.4 6.74
1CCCCCCCCA
0BBBBBBBB@13.18.035.7
1CCCCCCCCA 2505.3200284318946
21
0BBBBBBBB@ 5.1311.6 9.7
1CCCCCCCCA
0BBBBBBBB@ 157.75.52
1CCCCCCCCA 2663.9285706040396
22
0BBBBBBBB@ 4.2717.5 6.14
1CCCCCCCCA
0BBBBBBBB@ 1210.76.14
1CCCCCCCCA 3294.085812752572
24
0BBBBBBBB@ 2.6419.4 10.4
1CCCCCCCCA
0BBBBBBBB@10.3105.59
1CCCCCCCCA 2405.7502871834618
25
0BBBBBBBB@  2.4312 0.708
1CCCCCCCCA
0BBBBBBBB@16.86.996.02
1CCCCCCCCA 2953.822963512618
26
0BBBBBBBB@  5.112.1 14.4
1CCCCCCCCA
0BBBBBBBB@13.59.296.01
1CCCCCCCCA 3149.3829225651803
28
0BBBBBBBB@ 1.5719.5 13.4
1CCCCCCCCA
0BBBBBBBB@17.57.415.74
1CCCCCCCCA 3110.0664104339553
30
0BBBBBBBB@ 7.3318.5 10.9
1CCCCCCCCA
0BBBBBBBB@14.98.45.98
1CCCCCCCCA 3127.2906916727425
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31
0BBBBBBBB@ 5.5724 6.72
1CCCCCCCCA
0BBBBBBBB@11.59.646.01
1CCCCCCCCA 2783.8822373366497
32
0BBBBBBBB@ 8.1716.5 17.9
1CCCCCCCCA
0BBBBBBBB@14.38.55.89
1CCCCCCCCA 2991.3812811159182
33
0BBBBBBBB@ 3.1316.8 13.1
1CCCCCCCCA
0BBBBBBBB@15.57.65.65
1CCCCCCCCA 2780.963264221298
34
0BBBBBBBB@ 6.5322.2 1.68
1CCCCCCCCA
0BBBBBBBB@14.57.476.24
1CCCCCCCCA 2824.065123752829
35
0BBBBBBBB@ 1.5513.2 14.3
1CCCCCCCCA
0BBBBBBBB@13.28.95.6
1CCCCCCCCA 2748.8654235798203
36
0BBBBBBBB@ 3.823.5 2.39
1CCCCCCCCA
0BBBBBBBB@11.39.345.91
1CCCCCCCCA 2606.2394500349255
37
0BBBBBBBB@ 1.6223.3 7.29
1CCCCCCCCA
0BBBBBBBB@12.98.566.06
1CCCCCCCCA 2796.002869990441
38
0BBBBBBBB@ 3.5116.4 12.5
1CCCCCCCCA
0BBBBBBBB@ 138.175.7
1CCCCCCCCA 2529.5413213783386
39
0BBBBBBBB@ 6.4725.1 11.6
1CCCCCCCCA
0BBBBBBBB@16.77.045.71
1CCCCCCCCA 2804.960515744258
40
0BBBBBBBB@ 4.0416.3 17.4
1CCCCCCCCA
0BBBBBBBB@20.46.596
1CCCCCCCCA 3370.298337264489
Table 4.21: week 12
Rat centre radius volume
3
0BBBBBBBB@ 12.516.8 5.6
1CCCCCCCCA
0BBBBBBBB@12.98.74.9
1CCCCCCCCA 2322.817168750974
4
0BBBBBBBB@ 5.2424.9 6.78
1CCCCCCCCA
0BBBBBBBB@11.510.15.24
1CCCCCCCCA 2543.0331109424274
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7
0BBBBBBBB@ 4.9620.2 9.75
1CCCCCCCCA
0BBBBBBBB@13.39.345.6
1CCCCCCCCA 2906.6186640103206
8
0BBBBBBBB@ 9.0285 21.7
1CCCCCCCCA
0BBBBBBBB@ 7810.75.8
1CCCCCCCCA 20225.901488725078
9
0BBBBBBBB@ 12.313.7 9.87
1CCCCCCCCA
0BBBBBBBB@20.89.125.33
1CCCCCCCCA 4224.612658744572
10
0BBBBBBBB@ 7.2925.2 8.02
1CCCCCCCCA
0BBBBBBBB@12.98.456.06
1CCCCCCCCA 2760.0729265676664
12
0BBBBBBBB@ 8.2311.2 10.2
1CCCCCCCCA
0BBBBBBBB@17.48.335.66
1CCCCCCCCA 3427.7741129047886
13
0BBBBBBBB@ 1.1121.5 8.96
1CCCCCCCCA
0BBBBBBBB@13.27.415.84
1CCCCCCCCA 2386.7476301396987
14
0BBBBBBBB@ 6.2623.6 3.79
1CCCCCCCCA
0BBBBBBBB@12.110.25.96
1CCCCCCCCA 3073.500694109331
15
0BBBBBBBB@ 6.219.5 12.3
1CCCCCCCCA
0BBBBBBBB@20.17.886.11
1CCCCCCCCA 4043.570308164702
16
0BBBBBBBB@ 5.0224.6 5.36
1CCCCCCCCA
0BBBBBBBB@14.48.125.92
1CCCCCCCCA 2892.2893723402462
18
0BBBBBBBB@  3.320.3 12.6
1CCCCCCCCA
0BBBBBBBB@22.712.66.87
1CCCCCCCCA 8210.21732523971
19
0BBBBBBBB@ 5.6720.2 10.1
1CCCCCCCCA
0BBBBBBBB@15.97.675.4
1CCCCCCCCA 2751.615592638688
20
0BBBBBBBB@ 6.415.2 3.1
1CCCCCCCCA
0BBBBBBBB@17.39.736.33
1CCCCCCCCA 4452.092378515658
21
0BBBBBBBB@  1114.7 13.8
1CCCCCCCCA
0BBBBBBBB@14.57.965.46
1CCCCCCCCA 2633.1477358686016
22
0BBBBBBBB@ 1.157.046.1
1CCCCCCCCA
0BBBBBBBB@13.47.465.49
1CCCCCCCCA 2293.0709053562387
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25
0BBBBBBBB@5.6725 4.4
1CCCCCCCCA
0BBBBBBBB@11.88.916.02
1CCCCCCCCA 2644.5861327218277
26
0BBBBBBBB@5.6725 4.4
1CCCCCCCCA
0BBBBBBBB@11.88.916.02
1CCCCCCCCA 2644.5861327218277
28
0BBBBBBBB@ 1.0612.8 11.6
1CCCCCCCCA
0BBBBBBBB@18.47.485.81
1CCCCCCCCA 3341.1584116642657
30
0BBBBBBBB@ 5.7724.7 4.52
1CCCCCCCCA
0BBBBBBBB@11.59.736.18
1CCCCCCCCA 2889.353435252881
31
0BBBBBBBB@ 2.5513.4 16.2
1CCCCCCCCA
0BBBBBBBB@12.48.875.94
1CCCCCCCCA 2729.8153008409668
32
0BBBBBBBB@ 3.5821.5 7.85
1CCCCCCCCA
0BBBBBBBB@13.98.945.83
1CCCCCCCCA 3027.069467045915
33
0BBBBBBBB@ 1.9219.9 3.03
1CCCCCCCCA
0BBBBBBBB@11.610.46.16
1CCCCCCCCA 3105.085437272187
34
0BBBBBBBB@ 3.3916.6 12.2
1CCCCCCCCA
0BBBBBBBB@16.87.665.95
1CCCCCCCCA 3199.311527336504
35
0BBBBBBBB@ 0.60116.9 8.04
1CCCCCCCCA
0BBBBBBBB@12.19.645.8
1CCCCCCCCA 2826.77935927492
36
0BBBBBBBB@0.47714.6 12.7
1CCCCCCCCA
0BBBBBBBB@13.18.215.93
1CCCCCCCCA 2664.837062336749
37
0BBBBBBBB@1.2517.9 5.6
1CCCCCCCCA
0BBBBBBBB@14.28.585.99
1CCCCCCCCA 3049.3267832916135
38
0BBBBBBBB@ 4.9713.2 9.65
1CCCCCCCCA
0BBBBBBBB@13.87.925.63
1CCCCCCCCA 2571.0716318572704
39
0BBBBBBBB@  3.414.1 10.9
1CCCCCCCCA
0BBBBBBBB@14.67.935.61
1CCCCCCCCA 2713.878610147881
40
0BBBBBBBB@ 8.0616.5 12.1
1CCCCCCCCA
0BBBBBBBB@16.77.056
1CCCCCCCCA 2951.6057807271463
62 Chapter 4. Results
4.2 Selecting the points
To obtain the optimal result for the best-fit ellipsoid, we must take certain facts into account
when selecting the points:
1.1. The points should be selected from di↵erent parts of the skull. If the points selected
from one view of the skull are all along the X, Y or Z axis, the coordinates may be constant,
and thus the model would be a plane instead of the ellipsoid 4.3.
Figure 4.2: Selecting the points from one view of the skull in MicroView
Figure 4.3: Points selected on one view of the skull
2. If the CT images are vague, the sutures will not be su ciently clear, and so the regis-
tration will not be accurate. The points based on these images are not reliable, and thus the
model cannot be correct. Therefore, we excluded those rats with unclear CT images from our
modeling.
3. If the points are very scattered, although we can fix an ellipsoid to them, the volume may
be large in size and thus not close to the actual volume of the skull. In some cases, because of
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Figure 4.4: A vauge CT image
the bad positioning of the points with respect to each other, we obtained 0 for at least one of
the radii, also resulting in a volume of 0. The matrix below is a sample of the 16 points selected
on the fifteenth rat skull. Additionally, the result obtained from setting an ellipsoid on these
points is below. One of the radii is zero, and so, the volume is also 0.
0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
 3.871111 13.920759  3.935306
 3.242959 6.023310  3.935306
 7.514395 14.547541  4.383632
 0.227827 15.550391  4.383632
2.410413 4.142965  5.379912
 8.142548 3.014759  5.379912
 10.403896 14.923610  6.575448
2.536043 15.675748  6.575448
1.893904 19.804560  10.859452
 10.130796 18.931946  10.859452
 8.819011 17.986612  10.859452
0.873626 18.786509  10.859452
 1.166929 22.131535  13.599222
0.582118 20.531740  13.599222
 7.142841 21.549791  13.599222
 8.673257 20.531740  13.599222
1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
And the result from the setting the elipsoid on these points are as below. As we can see one
of the radiuses is zero and so, the volume is 0.
Ellipsoid center : =
⇣ 4.39 20  5.9⌘
Ellipsoid radii =
⇣
0 5.34 5.15
⌘
Ellipsoid evecs =
0BBBBBBBB@0.0676  0.713  0.6980.216 0.694  0.6870.974  0.104 0.201
1CCCCCCCCA
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Algebraic form
=
⇣ 0.00524 0.000318 9.98e   005  0.000464  0.00056 0.00518  0.017 0.0222  0.106⌘
Volume :0
4. As we are analyzing the growth of the skull, the points selected on the CT images
should be located in the same place in other CT images, yielding a similarly shaped ellipsoid
fitting those points. Although selecting the points exactly in the same place is not possible, the
location should be the same. As an example, if the first point is selected at ages 0 and 2 on the
coronal suture, the first point in the registration at ages 2 and 6 should be on the coronal suture.
4.3 The Condition number for di↵erent sets of points on the
skull
We selected three levels of registration: perfect, moderate and poor. The best condition number
that we obtained from the best registration was 4.9870. Although we could have achieved a
better condition number or registration by replacing the points, we did not do so and instead
judged the registration to predict whether the condition number would be reasonable.
Below we compare the three kind of registration:
As follows, we compare the three types of registration. We calculated one of the best
registration condition numbers, 4.9870, for rat 04, week 02 (Fig .4.5).
(a) (b)
(c) (d)
Figure 4.5: Good Registration with a good condition number
The moderate registration was that of Rat 25, week 02, with a condition number of 7.0061
(Figure 4.6).
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(a) (b)
(c) (d)
Figure 4.6: Medium level Registration with a medium condition number
The poorest registration was calculated for Rat 26 because the images were vague and we
could not register them as well as the other rats images. The condition number for this set of
points was 8.1102 (Figure.4.7).
4.4 Model testing
We tested our ellipsoid model on the human skull using the CT images of two children with
craniosynostosis. We applied our method of selecting points on the rat skull to collecting
points on the human skull. The first child su↵ered from plagiocephaly, whereas the second
su↵ered from scaphocephaly. By comparing the shape of the ellipsoid, we could distinguish
the craniosynostosis in each child. To achieve a perfect ellipsoid model, we needed a suitable
conditioned matrix. However, the condition number of the set of selected points in one part of
the skull was too high, so we could not obtain a trustable model using these points. Matrix A
shows the coordinates of the points in one part of the skull, for which the condition number
was 99.2910. Matrix B shows a well-conditioned set of points on the human skull, with a
condition number of 4.0690. We could improve our model by replacing the points according
to the condition number, with the lowest condition number of a matrix indicating the best
coordinates for our model.
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(a) (b)
(c) (d)
Figure 4.7: Bad Registration with bad condition number
(a) (b)
(c)
Figure 4.8: Ellipsoid model on a child skull with Placiocephaly
4.4. Model testing 67
(a) (b)
(c)
Figure 4.9: Ellipsoid model on a child skull with Scaphocephaly
A =
0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
 41.5891  154.3867 17.0000
 39.9946  137.3787 17.0000
 55.9393  174.0522 17.0000
 24.5814  169.8002 17.0000
 7.0422  157.5757 17.0000
 14.4831  188.4028 17.0000
 7.5737  188.9343 17.0000
3.5876  171.9262 17.0000
22.7212  155.4497 17.0000
23.2527  140.0362 17.0000
38.1344  170.8632 17.0000
1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
(4.2)
B =
0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
 34.1414 78.4475 12.3099
43.5147 71.8360 12.3099
 25.3294  43.3144 12.3099
 34.7368 88.9753 23.0953
41.1660 77.5856 23.0953
 29.3152  40.6501 23.0953
53.0935  7.0234 23.0953
 32.0965 95.9395 33.8806
48.4730 71.9197 33.8806
53.8088  3.8759 33.8806
 34.7746 98.4445 44.6660
42.9228 86.3653 44.6660
1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
(4.3)
Chapter 5
Discussion
Craniosynostosis is a birth defect of the brain characterized by the premature closure of one
or more of the joints between the cranial sutures before brain growth is complete. The first
sign is an abnormally shaped skull. Other symptoms can include increased intracranial pres-
sure, developmental delays, intellectual disability, seizures, and blindness, all caused by the
constriction of the growing brain. The closure of a single suture is most common and does not
prevent the brain from expanding to a normal volume.
Di↵erent methods and computer-assisted biomedical simulations have been developed to
diagnose craniosynostosis in young children. Various strategies are also available to simulate
surgery, allowing the procedures to be tailored to the deformity of a specific skull. The objec-
tive of this masters thesis was to develop a new quantitative method for diagnosing craniosyn-
ostosis at an early age. Previous research on calvarial shape focused on the pilot application
of ellipsoid analysis to compare the calvaria of both individuals with untreated unilateral syn-
ostosis, metopic synostosis, or sagittal synostosis and normal subjects. The researchers specif-
ically examined the preoperative CT images of 10 patients with a normal head shape (NML),
unicoronal synostosis (UCS), sagittal synostosis (SS) or metopic synostosis (MET) and seg-
mented those images bilaterally into six groups. The segmentation was performed using the
imaging software ANALYZE, and points were extracted and manipulated from the six regions
using a MATLAB code. The ellipsoids were then fitted on the points extracted from these six
regions separately using the least-squares method. Jacobsen et al [22] tested the relationships
between the six ellipsoids from the right and left frontal, parietal and occipital (FR, FL, PR,
PL, OR and OL) centroids for association with a synostotic group using approximately 500
to 1500 points per segmentation for the ellipsoid fitting. To check the best-fit ellipsoid, the
researchers measured the residual, the shortest distance from the point to the surface of the
ellipsoid. Figure 5.1 1 shows the centroid relationships and distance ratio of each ellipsoid for
the NML patient. The most substantial di↵erence was measured for the centroid distance of
PL-PR of test MET/SS. The di↵erence in the NML and UCS patients was angular. In sum, this
study consisted of a quantitative analysis of the calvarial shape as a collection of six ellipsoids
of six segmented parts of the skull. To simplify this method, in the current work, we used a
new method to distinguish the calvarial form. Fewer points (approximately 15) were used, and
we focused on the means of selecting the points. The best model was fitted on those points,
which were located at the best position with respect to the other points. For the selected set of
points, the condition number was measured, with a lower condition number indicating a better
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set of points. For a set of points with a large condition number, we manipulated the points to
obtain the best-fit ellipsoid.
Figure 5.1: Centroid relationships and distance ratio. Photo taken from [22]
An ellipsoid model was developed in MATLAB to fit the rat skull and then tested on the
children with craniosynostosis. By changing the shape of the ellipsoids, we could distinguish
di↵erent types of craniosynostosis at an early age. Additionally, comparing the ellipsoid pa-
rameters yielded the skull growth pattern. We observed that the rat skull achieves 90% of its
adult size in the first 6 months of life and that the di↵erence between the volumes at weeks 6
and 12 was smaller than the di↵erence between weeks zero or two and six.
We also measured the cranial index and skull volume of 16 rats based on the neurocranial
length and width. Similar to the result of Hughes et al. [21], the cranial index decreased be-
cause the neurocranial length had a faster growth rate than the neurocranial width. In contrast,
calculating the facial index for the existing data was impossible, as the images were cropped
from the nose of each rat.
5.1 Conclusion
In this thesis, a set of tools for the analysis of skull growth is presented. The transformation
model is based on a least-squares fit of 3D A ne parameters from any two skulls. The fitting
is performed on a set of points that are to be chosen at the intersection of sutures that can
be viewed in the orthogonal slices of the volumetric dataset. The novel characteristic of this
thesis starts with the formulation of the condition number of this fit, which is a function of the
distribution of points in 3D, or in the context of the clinical application, around the entire vault
of the skull. The advantage of this approach is that when the best-fit tranformation model is
solved for two datasets, this method also rates the goodness of this fit in terms of the condition
number. Furthermore, the condition number can be used by the researcher when setting the
configuration of landmarks to be tracked. This allows for a confirmation that the computed
tranformation parameters will be meaningful.
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The best-fit ellipsoid parameters can be directly related to the Cranial Index (CI) and Facial
Index (FI) for the rat data, and the Cephalic Index for human data, as these index humbers are
simple ’aspect ratios’ of the width over lenth. For the ellipsoid fits, the eccentricity ’e’ of the
projected ellipse on any plane is given by: e = sqrt(g ⇤ (2   g)) where g = 1   (width/length),
in each of the canonical directions. Therefore, the 3D ellipsoid fit provides the index number
in all three dimensions, whereas the Cranial Index is only calculated in one dimension. Finally,
our ellipsoid fit model provides a more robust estimate of skull shape, since it is fit form several
points whereas the Cranial Index is computed with the tip-to-tip distances for the width and
height only.
5.2 Weaknesses
The primary weakness of this study was inaccuracy in selecting the points. The points must
be selected by a trained user of MicroView imaging software who is also familiar with the
anatomy of the skull. To obtain an accurate gauge of the growth rate, we need to save the
position of the points selected at week 0 and choose the coordinate in the other CT images
collected at other ages. If the points are selected in other positions, the volume measured from
the fitted ellipsoid may not exactly reflect the grown skull, and thus the determined rate may not
be accurate. To calculate the NCL and NCW, a trained user must also select the points using
MicroView software. As all of the points are selected by hand, errors in the measurements may
occur. In our study, in some cases, the volume and index decreased with age, likely due to
errors in selecting the points. Table 5.1 includes one example of a decrease in the volume that
may have been caused by errors in selecting the points.
Rat9
Week NCL NCW Z INDEX VOLUME
0 24.63 13.56 10.29 55 1821.59
2 26.84 14.47 9.49 53 1897.51
6
12 27.29 13.06 9.57 47 1778
Table 5.1: Craniometrics for rat 9
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5.3 Future Work
As we discussed in section 5.2, the position of the points is important in the modeling of the
skull. To obtain an acceptable growth rate, the points must be placed exactly in the same
anatomical location on one CT image that was chosen in an image collected at a younger age.
In the future, we need to develop software that selects the points automatically in the next
images. As an example, if a point is selected in the middle of the coronal suture at week zero,
to obtain a good registration, a point should again be selected in the middle of the coronal
suture for a subsequent week. To reduce user error, it would be preferable for these points to
be selected by software. Our model was first tested on the rat skull due to the availability of
preexisting data. In future work, more data for the skulls of children su↵ering from di↵erent
types of craniosynostosis should be collected. Additionally, rare types of craniosynostosis,
such as brachycephaly and oxycephaly, were not tested in our model but should be in the
future. Measuring craniometrics can be easier and more straightforward. Segmenting the skull
requires images in the dicom format, which can easily be completed using AMIRA software
(Figure 5.2). However, in our study, converting all of the CT scans for 40 rats at 4 ages into the
dicom format was time- and energy-consuming. Therefore, v↵ files and MicroView software
should be used to calculate craniometrics, although more studies on growth of the skull in rats
or humans can be performed using Amira software.
Measuring craniometrics can be easier and straightforward. Segmenting the skull needs
images in dicom format. After segmenting all the measurements can be done easily in AMIRA
Figure5.2. In our study all CT scans was in v↵ format. Converting those scans to dicom was
time and energy consuming for 40 rats in 4 ages. That was the reason v↵ files and MicroView
was used to calculate Craniometrics. More studies on growth of skull in rats or human can be
done using Amira software.
Figure 5.2: Using Amira for Craniometric measurements
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